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P RE FACE 
The  work r e p o r t e d  h e r e i n  w a s  performed by the  Schoo l  
of  Engineer ing  of Old Dominion U n i v e r s i t y  f o r  t h e  L a n g l e y  
Research   Center ,  NASA, Hampton, V i r g i n i a ,  as  t h e  f i n a l  
phase  of NASA Grant  NGR #47-003-015.  The p r i n c i p a l  i n -  
v e s t i g a t o r  w a s  D r .  W i l l i a m  D.  S t a n l e y  of O D U ,  and Mr. 
Wayne R.  Powel l   se rved  as g r a d u a t e   a s s i s t a n t .   T h i s  i s  
t h e  s e c o n d  a n d  f i n a l  c o m p r e h e n s i v e  r e p o r t  o n  t h e  q r a n t .  
An e a r l i e r  r e p o r t  e n t i t l e d  " S t a t l s t i c a l  A n a l y s i s  of a 
P l a n e t a r y  Radar A l t i m e t e r  Measuring  Unit",  dated.  September 
1 9 6 9 ,  w a s  submi t t ed  t o  NASA t o  d e s c r i b e  t h e  f i r s t  phase  
o f  t h e  g r a n t .  
A l t h o u g h  t h i s  r e p o r t  s h o u l d  b e  i n t e r p r e t e d  as a 
" f i n a l  r e p o r t "  f o r  a d m i n i s t r a t i v e  p u r p o s e s ,  i t  i s  l i k e l y  
t h a t  s t i l l  a n o t h e r  r e p o r t  may b e  d e l i v e r e d  sometime after 
t h e   e x p i r a t i o n   d a t e   o f   t h e   g r a n t .  A s e p a r a t e  problem 
d e a l i n g  w i t h  t h e  v a r i a t i o n  of r ada r  r e tu rn  magn i tude  as a 
f u n c t i o n  o f  p l a n e t a r y  s u r f a c e  s p e c u l a r i t y  a n d  a l t i t u d e  has 
been  a s s igned  as a master's t h e s i s  t o  t h e  y r a d u a t c  a s s i s t a r t :  
and w i l l  b e   s u p e r v i s e d   b y   t h e ' p r i n c i p a l   i n v e s t i g a t o r .   I n -  
asmuch as t h i s  p r o b l e m  w a s  g e n e r a t e d  d u r i n g  t h e  g r a n t . ,  
s u i t a b l e  c o p i e s  o f  t h e  t h e s i s  w i l l  be d e l i v e r e d  t o  I , a n g l q P  
R e s e a r c h  C e n t e r  a f t e r  c o m p l e t i o n  o f  t h i s  s t u d j l .  
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INTRODUCTION 
The purpose of t h i s  i n v e s t i g a t i o n  w a s  t o  e x p l o r e  
t h e  u s e  o f  c e r t a i n  d i g i t a l  ( o r  d i s c r e t e )  s i g n a l  p r o c e s s i n g  
techniques  for  bo th  the  s imula t ion  and  implementa t ion  of  
p l ane ta ry   Dopp le r   r ada r  al t imeter s y s t e m s .   I n   o r d e r   t o  
pred ic t  accuracy  requi rements  and  the  leve l  of  per formance  
e x p e c t e d  i n  remote p l a n e t a r y  m i s s i o n s ,  i t  i s  d e s i r a b l e  t o  
employ a cons ide rab le  amoun t  o f  s imula t ion  in  de t e rmin ing  
t o t a l   s y s t e m   r e q u i r e m e n t s .   S u i t a b l e   d i g i t a l   m o d e l s  of 
c r i t i c a l  measurement  processes  are  v a l u a b l e  i n  d e v e l o p i n g  
appropr i a t e  compute r  s imula t ions .  
With t h e  i n c r e a s i n g  a p p l i c a t i o n  of d i g i t a l  h a r d w a r e  
and techniques,  it is expected that  improvements  can be 
made on  convent iona l  ana log  sys tems by r e p l a c i n g  some of 
t he   p rev ious   ana log   func t ions  by d i g i t a l   p r o c e s s e s .  Through- 
o u t  t h i s  i n v e s t i g a t i o n  t h e  c o n c e p t  of implementing  actual  
s y s t e m s  w i t h  d i g i t a l  h a r d w a r e  w a s  p l aced  on an  equa l  l eve l  
of importance w i t h  t h e  g o a l  of d e v e l o p i n g  d i g i t a l  s i m u l a t i o n  
models. 
The  main  body  of t h i s  r e p o r t  i s  d i v i d e d  i n t o  t h r e e  
s e c t i o n s ,  c h o s e n  t o  cor respond t o  t h r e e  s e p a r a t e  a s p e c t s  of 
t h e   i n v e s t i g a t i o n .  The f i r s t   s e c t i o n   d e s c r i b e s   t h e   s i m u l a -  
t i o n   o f   D o p p l e r   r e t u r n   s i g n a l s .  The  Doppler  signal  models 
were o b t a i n e d  by employing a Gaussian random  number g e n e r a t i o n  
p r o g r a m  a n d  d i g i t a l  f i l t e r s  whose frequency response 
acts t o  provide t h e  p r o p e r  s p e c t r a l  s h a p e  t o  t h e  s i m u l a t e d  
Doppler. 
The n e x t  s e c t i o n  describes t h e  i n v e s t i g a t i o n  ot 
d i g i t a l   p h a s e - l o c k e d  loop f r e q u e n c y   t r a c k e r s .  The f i r s t  
model  considered w a s  cen tered  a round a c lose  cor respondence  
with  analog  phase- locked loops, thus  making i t  s u i t a b l e  f o r  
compute r   s imu la t ion .   In   add i t ion ,  a model more s u i t a b l e  
f o r  d i r e c t  d i g i t a l  i m p l e m e n t a t i o n  e m p l o y i n g  a zero-cross ing  
error d e t e c t o r  w a s  i n v e s t i g a t e d .  
The l a s t  main s e c t i o n  o f  t h e  r e p o r t  d e s c r i b e s  t h e  i n -  
v e s t i g a t i o n  of t h e  F a s t  F o u r i e r  T r a n s f o r m  c o n c e p t  f o r  a p p l i -  
c a t i o n   i n   D o p p l e r   s i g n a l   p r o c e s s i n g .   T h i s   p o w e r f u l   c o n c e p t  
c o u l d  p e r m i t  t h e  a c t u a l  real-time s p e c t r a l  a n a l y s i s  o f  
c e r t a i n  Doppler s i g n a l s ,  t h u s  p e r m i t t i n g  maximum in fo rma t ion  
r e g a r d i n g   t h e   s p e c t r u m  t o  b e   a v a i l a b l e .  The  computer  simula- 
t i o n  of such a system w i l l  be  desc r ibed ,  and  typ ica l  compute r  
runs  w i l l  be  shown. Resu l t s   ob ta ined   f rom  pe r fo rming   ce r t a in  
s t a t i s t i c a l  e v a l u a t i o n s  o f  t h e  d a t a  w i l l  be  d i scussed .  
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DOPPLER SIMULATION 
Doppler . . Signal   Assumptions 
The Doppler s h i f t  r e s u l t s  i n  a r e t u r n  s i g n a l  ( e c h o )  
h a v i n g  d i f f e r e n t  spectral  properties f r o m  t h e  t r a n s m i t t e d  
s i g n a l .  I f  t h e  relative v e l o c i t y   b e t w e e n   t h e  radar and 
t h e  target were c o n s t a n t ,  a n d  i f  t h e  a n t e n n a  beam were 
i n f i n i t e s i m a l l y  small, t h e n  t h e  s p e c t r u m  o f  t h e  r e t u r n  
s ignal  would merely be a s imple t r a n s l a t e d  v e r s i o n  o f  t h e  
t r a n s m i t t e d  s i g n a l ,  a n d  m e a s u r e m e n t  o f  t h e  D o p p l e r  s h i f t  
could   be   reasonably   s t ra ight forward   and  accurate.  I n  
p rac t i ce ,  however ,  t he  spec t rum of a D o p p l e r  r e t u r n  s i g n a l  
undergoes a c o n s i d e r a b l e  m o d i f i c a t i o n ,  m a i n l y  i n  t h e  form 
o f  s p e c t r a l  d i s p e r s i o n .  
The most s i g n i f i c a n t  c o n t r i b u t i n g  f a c t o r s  t o  t h e  
s p e c t r a l   m o d i f i c a t i o n  are as fo l lows :  ( a )  The nonzero 
beamwidth of t h e  a n t e n n a  r e s u l t s  i n  a sp read ing  of t h e  
r a d i a t e d  s i g n a l  o v e r  some area of t h e  p l a n e t a r y  s u r f a c e .  
The s i g n a l  b a c k s c a t t e r e d  a t  each po in t  on  t h e  i l l u m i n a t e d  
area has  a s t a t i s t i c a l l y  random amplitude and phase w i t h  
r e s p e c t  t o  t h e   i n c i d e n t   s i g n a l .   F u r t h e r m o r e ,   t h e   r e l a t i v e  
D o p p l e r  s h i f t  w i l l  b e  d i f f e r e n t  a t  d i f f e r e n t  p o i n t s  w i t h i n  
t h e  area because  of d i f f e r e n t  r e l a t i v e  v e l o c i t i e s  b e t w e e n  
t h e   s u r f a c e   a n d   r a d a r .  The  antenna beam " i n t e g r a t e s "  a l l  
the complex components t o  y i e l d  the a c t u a l  r e t u r n  s i g n a l .  
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(b) Relative acceleration be tween  radar   and   sur face  
r e s u l t s  i n  a n  a d d i t i o n a l  f r e q u e n c y  m o d u l a t i o n  e f f e c t  
w h i c h  f u r t h e r  m o d i f i e s  t h e  s p e c t r u m .  
The v a r i a t i o n  i n  b a c k s c a t t e r e d  s i g n a l  as a f u n c t i o n  
o f  i n c i d e n t  a n g l e  v a r i e s  c o n s i d e r a b l y  w i t h  t h e  n a t u r e  
o f  t h e  s u r f a c e  r o u g h n e s s .  The s p r e a d  o f  t h e  beam o n  t h e  
s u r f a c e  d e p e n d s  h e a v i l y  o n  t h e  o r i e n t a t i o n  o f  t h e  beam 
w i t h   r e s p e c t  t o  the  surface  and  the  beamwidth.   The 
r e s u l t  o f  t h e s e  v a r i o u s  e f f e c t s  1s t h a t  t h e  D o p p l e r  r e t u r n  
i s  a r a t h e r  complex phenomena, which can only be treated 
i n  a s t a t i s t i c a l  sense .  
The f i r s t  u n c l a s s i f i e d  t r e a t m e n t  o f  D o p p l e r  a i r -  
borne veloci ty  measurements  w a s  p r e s e n t e d  by Berger 
( r e f .  4 )  . Fur the r   work   by   Be rge r   ( r e f s .  5 and 6 )  and 
F r i e d  ( r e f s .  22  and 2 3 )  e s t a b l i s h e d  many bas i c   zoncep t s  
tha t  have  been  wide ly  employed  in  des igning  Doppler  sys tems.  
The b a s i c  a s s u m p t i o n s  t h a t  are wide ly  used  in  eva lua -  
t i ng  Dopp le r  errors were d i s c u s s e d  by  Berge r  ( r e f .  4 ) .  
Most of  these  assumpt ions  are c o n c e r n e d  w i t h  t h e  n a t u r e  
o f   t h e  power  spectrum.  Notable among these   assumpt ions  
are:  ( a )  The  Doppler  spectrum i s  e q u i v a l e n t  t o  t h e  
spec t rum obta ined  by pass ing  wh i t e  no i se  th rough  a band- 
p a s s   f i l t e r .   ( b )  The p r o b a b i l i t y   d e n s i t y   f u n c t i o n   o f  
the  ins tan taneous  f requency  has  approximate ly  t h e  same 
width as t h e  power   spec t rum  of   the   Doppler   s igna l .  Based 
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on these  and  similar assumptions,  Berger  developed ex-  
p r e s s i o n s   f o r   v a r i o u s  error bounds.  However,  Berger  noted 
t h a t  no r igo rous  gene ra l  p roo f  o f  t hese  pos tu l a t e s  had  
been found. 
The earliest Doppler  systems were of the  con t inuous -  
wave (CW) v a r i e t y .  A s i g n i f i c a n t   d e v e l o p m e n t  w a s  t h e  F M  
Bessel S ideband Doppler  sys tem descr ibed  by Glegg ( r e f .  2 6 ) .  
This  system i s  capable  of  achiev ing  grea te r  immuni ty  from 
n o i s e  t h a n  t h e  CW system.  The FM system w a s  l a t e r  ex- 
t e n d e d  i n  c a p a b i l i t y  t o  the  measurement  of  bo th  ve loc i tb  
and  range by F r i e d  ( r e f .  2 4 ) .  
Regardless  of  the type of  Doppler  system employed,  
t he  fundamen ta l  ope ra t ion  t h a t  must  be performed within 
t h e  r e c e i v e r  is  to  measure i n  a s t a t i s t i c a l  s e n s e  some 
p e r t i n e n t  c h a r a c t e r i s t i c  o f  t h e  power spectrum of the 
r e t u r n   s i g n a l .  The a p p r o p r i a t e   c h a r a c t e r i s t i c  c o u l d  con- 
c e i v a b l y  b e  t h e  c e n t e r  o f  t h e  s p e c t r u m ,  t h e  frequency 
having peak power, o r  some o t n e r  s u i t a b l e  p r o p e r t y .  
As a s t a r t i n g  p o i n t  i n  t h i s  i n v e s t i g a t i o n ,  it was 
d e s i r a b l e  t o  develop  some simple computer  programs for  
s imula t ing   Dopp le r   r e tu rns .   Fo r   t he   pu rpose  of t e s t i n g  
the  phase- lock  loop  sys tem t o  b e  d e s c r i b e d  l a t e r ,  s t e p  
and  ramp func t ion  rout ines  were f i r s t  w r i t t e n .  
Doppler S t .  and Ramp S imula t ions  
Whenever a t r ans i en t  t ype  wavefo rm such  as a s t e p  or 
ramp is  used t o  excite a s y s t e m  f o r  t e s t i n g  p u r p o s e s  , i t  
is  d e s i r a b l e  t h a t  t h e  s y s t e m  be i n  a s te&ystate  condi- 
t i o n  i n i t i a l l y .  S i n c e  a step or  ramp u s u a l l y  r e p r e s e n t s  
a d e v i a t i o n  i n  f r e q u e n c y  f r o m  some i n i t i a l  f r e q u e n c y ,  i t  
i s  d e s i r a b l e  t o  develop  a r o u t i n e  t h a t  m a n u a l l y  allows 
t h e  operator t o  swi tch  on  the  appropr ia te  waveform a t  a 
p r o p e r  r e f e r e n c e  time , t=o. 
L e t  wc r e p r e s e n t  t h e  r e f e r e n c e  r a d i a n  c e n t e r  f r e -  
quency,  and l e t  do r e p r e s e n t  t h e  c y c l i c  D o p p l e r  s t e p  
i n p u t .  The step f u n c t i o n  of Doppler may be  implemented 
by t h e  e q u a t i o n s  
x (t)  = s i n  (w,t+Cp) f o r  t < o  
= s i n ( w c t + 2 ~ d o t + ~ )   f o r  t > o  
where Cp is a n  a r b i t r a r y  p h a s e ,  a n d  the ampli tude of t h e  
s i n u s o i d  i s  normalized t o  u n i t y .  
For  a ramp i n p u t ,  l e t  dl r e p r e s e n t  t h e  s l o p e  o f  t h e  
d e v i a t i o p   v e r s u s  t i m e  (measured i n  H z / s e c )  . The  ramp 
f u n c t i o n  of D o p p l e r  s h i f t  may b e  r e a l i z e d  by t h e  e q u a t i o n s  
x (t) = s i n  (act++) f o r  t < o  
= sin(w,t+Trdlt2+Cp) f o r  t > o  
Second-Order Doppler Simulation 
The bas i c  concep t  employed  in  deve lop ing  a Doppler 
simulation computer program i s  t h a t  s u c h  a s igna l  can  be  
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thought  of  as a r i s i n g  from pass ing  wh i t e  no i se  th rough  a 
b a n d - p a s s   f i l t e r .  On t h e   d i g i t a l   c o m p u t e r   " w h i t e   n o i s e "  
can  be  obta ined  f rom a random number genera tor  program 
w i t h  Gauss ian   ampl i tude  s ta t is t ics .  On t h e  IBM 1 1 3 0 ,  a 
s u b r o u t i n e  named GAUSS h a s  t h e  n e c e s s a r y  c h a r a c t e r i s t i c s  
t o  accompl i sh  the  des i r ed  pu rpose .  
The spectrum of t h e  random number g e n e r a t o r  w a s  
modi f ied  t o  represent  approximate  Doppler  spec t ra  by 
means  of v a r i o u s  d i g i t a l  f i l t e r s .  The use  of d i g i t a l  
f i l ters  i n  v a r i o u s  s i g n a l  p r o c e s s i , n g  a p p l i c a t i o n s  h a s  
b e e n  r e c e i v i n g  c o n s i d e r a b l e  a t t e n t i o n  i n  r e c e n t  y e a r s  
( r e f s .  13,  17, 18, 20, 27, 28,  30,  31,  32,  33, 37, 38, 
40,  42,  43,  44,  45,  47,  52,  53,  54,  58, 59, 60, 67, 69 ,  
72, 75). The t h e o r e t i c a l   b a s i s   f o r   d i g i t a l  f i l t e r  des ign  
i s  the  r e l a t ionsh ip  be tween  con t inuous  and  discrete l i n e a r  
systems.  The  z-transform w a s  developed as a powerful  
a n a l y t i c a l  t o o l  f o r  d e s c r i b i n g  d i s c r e t e  s y s t e m s ,  a n d  i t  
has  been  used  ex tens ive ly  in  sampled-da ta  sys tem ana lys is  
a n d   d e s i g n   ( r e f s .  34, 35,  36,  41,  46, 5 5 ,  73). Many of 
t h e  c o n c e p t s  d e v e l o p e d  i n  t h e  l i t e r a t u r e  o n  s a m p l e d - d a t a  
systems are d i r e c t l y  a p p l i c a b l e  t o  d i g i t a l  f i l t e r  d e s i g n .  
The p a r t i c u l a r  a p p r o a c h  u s e d  i n  d e v e l o p i n g  t h e  Doppler 
s i m u l a t i o n  f i l t e r s  w a s  t h e  b i l i n e a r  t r a n s f o r m a t i o n  m e t h o d .  
This method can be made t o  y i e l d  good correlat ion between 
t h e  b e h a v i o r  o f  t h e  d i g i t a l  f i l t e r  a n d  a cor responding  
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analog  f i l ter ,  t h u s  p e r m i t t i n g  a large p a r t  o f  t h e  d e s i g n  
process t o  be  pe r fo rmed  in  the  ana log  domain .  
The f i r s t   d i g i t a l   f i l t e r  employed w a s  a second- 
o r d e r  b a n d - p a s s  f i l t e r  h a v i n g  a va r i ab le  bandwid th  (o r  Q )  
and a v a r i a b l e  c e n t e r  f r e q u e n c y .  I f  a f l a t  n o i s e  s p e c t r u m  
e x c i t e s  s u c h  a f i l t e r ,  t h e n  t h e  o u t p u t  s p e c t r u m  m u s t  h a v e  
t h e  same c h a r a c t e r i s t i c  as t h e  f i l t e r  b a n d p a s s  s h a p e .  
By v a r y i n g  t h e  c e n t e r  f r e q u e n c y ,  t h e  e f f e c t ‘ o f  a change 
i n  v e l o c i t y  may be  r ep resen ted ,  and  by changing  the  Q ,  t h e  
e f f e c t s  o f  n a r r o w e r  or wide r  Dopp le r  r e tu rns  may be simu- 
l a t e d .  
Fo r  conven ience ,  t he  cen te r  f r equency  o f  t h e  analog 
t r a n s f e r   f u n c t i o n  i s  normalized t o  w = l .  I n  terms of a 
r e fe rence  ana log  complex  f r equency  p ,  t he  t r ans fe r  func t ion  
Hd(p) i s  given  by 
where Q, is  d e f i n e d  as 
Qd = Center Frequency 
3dB Bandwidth 
This  response  is  i d e n t i c a l  w i t h  t h a t  o f  a s imple  series or 
p a r a l l e l  r e s o n a n t  c i r c u i t .  
The a n a l o g  f i l t e r  may be  mapped t o  t h e  d i g i t a l  domain 
by  means of t h e  t r a n s f o r m a t i o n  
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where cd is  a mapping constant and 2 is  the  2- t ransform 
v a r i a b l e .  L e t  s r e p r e s e n t   t h e   f i n a l   L a p l a c e   t r a n s f o r m  
v a r i a b l e  o f  t h e  d i g i t a l  f i l t e r .  A s s u m e  t h a t  t h e  samples 
o f  t h e  t i m e  s i g n a l  are spaced T s econds   apa r t .  Then z 
and s are r e l a t e d  by 
where fs  is  the  sampl ing  f requency  ( 1 / T )  . 
L e t  s = j w  r ep resen t  t he  imag ina ry  ax i s  o f  t he  s -p l ane  and  
l e t  p=jX rep resen t   t he   imag ina ry   ax i s  of the   p -p lane .  These 
axes are  re la ted by 
h = cd tanwT - = cd   tannf  
2 
- 
f S  
L e t  f d  r e p r e s e n t  t h e  c e n t e r  f r e q u e n c y  of che  Doppler  s igna l .  
S ince  t h i s  frequency  must  correspond t o  A = l ,  t h e  c o n s t a n t  
cd i s  
L S 
The z-domain t r a n s f e r  f u n c t i o n  may be r ep resen ted  
as 
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where 
L e t  r ( n )  r e p r e s e n t  t h e  o u t p u t  of t h e  random  number g e n e r a t o r ,  
and l e t  x ( n )  r e p r e s e n t  t h e  o u t p u t  of t h e  D o p p l e r  f i l t e r .  
The a l g o r i t h m  f o r  g e n e r a t i n g  x (n )  is  
x ( n )  = ad, [r  ( n )  -r (n-2) I - bd Ix (n-1)  -bd2x  (n-2) (13) 
The spec t rum genera ted  by  th i s  f i l t e r  posses ses  
geometr ic   symmetry   about   the   cen ter   r requency .  On a l i n e a r  
scale,  t h e  r o l l o f f  a b o v e  b a n d - c e n t e r  i s  more g r a d u a l  t h a n  
t h e   r o l l o f f   b e l o w   b a n d - c e n t e r .   T h i s   m i g h t   b e   r e p r e s e n t a t i v e  
of certain. types  of skewed  Doppler   spectra .  The r e s u l t  is  
t h a t  t h e  mean frequency i s  somewhat h i g h e r  t h m  t h e  p e a k -  
ampli tude  f requency.  On t h e   o t h e r   h a n d ,   f o r  a very  narrow- 
band case, corresponding t o  a high  Q ,  t h e  r e s p o n s e  i s  very  
close t o  b e i n g  a r i t h m e t i c a l l y  s y m m e t r i c a l .  
Computer Simulation 
A second-o rde r  Dopp le r  s imula t ion  subrou t ine  in  FORTRAN 
I V  i s  inc luded  in  the  Fas t  Four i e r  T rans fo rm Program shown 
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i n  Appendix B. I t  i s  t h e  p o r t i o n  o f  t h e  p r o g r a m  w i t h  
t h e  t i t l e  SUBROUTINE KAY(NPPC,NTOT,Q). I t  i s  necessary  
(and  of ten  convenient )  t o  m o d i f y  t h e  n o t a t i o n  when w r i t i n g  
such a program.  Extensive  computer  runs were made i n  
o r d e r  t o  o b t a i n  d a t a  f o r  u s e  i n  o t h e r  p a r t s  of t h i s  i n -  
v e s t i g a t i o n .  Many o f   t hese   runs  were p lo t t ed   on   an  IBM 
1 6 2 7  XY P lo t te r .  Some t y p i c a l  d a t a  o b t a i n e d  i n  t h i s  
f a s h i o n  are shown i n  F i g u r e s  1 3  t h r o u g h  2 2 .  
The parameter  Qd d e f i n e d  i n  ( 4 )  i s  of i n t e r e s t  o n l y  
a s  a means   o f   de te rmining   the   re la t ive   bandwidth  of 
t h e  Dopp le r   s igna l .  A more   convenient   parameter   for  
c h a r a c t e r i z i n g  t h e  g r a p h i c a l  d i s p l a y s  i s  a parameter  BW 
t h a t  w i l l  b e  d e f i n e d  as 
BW = 3dB Bandwidth x 1 0 0 %  
Center  Frequency 
= 1 x 1 0 0 %  
'd 
I t  w i l l  b e  o b s e r v e d  t h a t ,  t h e  f i g u r e s  a r e  l a b e l e d  w i t h  t h e  
a p p r o p r i a t e  v a l u e  of BW i n  e a c h  c a s e .  
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DIGITAL FREQUENCY TRACKER 
Genera l  D i scuss ion  
An i n v e s t i g a t i o n  of a d ig i t a l  phase- locked loop 
f requency  tracker model and i t s  d ig i t a l  compute r  s imu-  
l a t i o n  w i l l  be desc r ibed .  The r e a s o n s   f o r  t h i s  i n v e s t i -  
g a t i o n  were twofold: (a)  I n  order t o  s t u d y  t h e  dynamic 
behavior  of t y p i c a l  p l a n e t a r y  altimeters unde r  s imula t ed  
c o n d i t i o n s ,  it i s  d e s i r a b l e  to  have a s u i t a b l e  c o m n u t e r  
model whose c h a r a c t e r i s t i c s  c a n  be programmed t o  cor- 
r e spond ,  w i th in  r easonab le  bounds ,  t o  t h e  t y p i c a l  t y p e  of 
f r e q u e n c y  t r a c k e r s  e m p l o y e d  i n  a c t u a l  altimeters. 
(b)  With t h e   i n c r e a s i n g   a v a i l a b i l i t y  of l a r g e - s c a l e  
i n t e g r a t e d  d i g i t a l  c i r c u i t s ,  it seems f e a s i b l e  t h a t  a 
d i g i t a l  p h a s e - l o c k e d  f r e q u e n c y  t r a c k e r  c o u l d  be developed 
to h a v e   a d v a n t a g e 8   o v e r   e x i s t i n g  analog uni t s .   Al though 
it may n o t  b e  t h e  b e s t  a p p r o a c h  t o  merely attempt t o  
Tcopy" t h e  c o r r e s p o n d i n g  f u n c t i o n s  o f  t h e  a n a l o g  u n i t  i n  
c o n s t r u c t i n g  a d i g i t a l  h a r d w a r e  u n i t ,  i t  shou ld  add c la r i ty  
a n d  d e s i g n  a s s i s t a n c e  t o  work i n i t i a l l y  w i r h  t h e  concept  
of employing a close s i m i l a r i t y  b e t w e e n  t h e  f u n c t i o n s  o f  
each unit. C e r t a i n l y   f o r  t h e  s i m u l a t i o n   p u r p o s e ,  t h i s  
approach would be t h e  a p p r o p r i a t e  o n e .  
In  gene ra l ,  Dopp le r  s h i f t s  may be e i ther  p o s i t i v e  o r  
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n e g a t i v e  r e p r e s e n t i n g ,  r e s p e c t i v e l y ,  r e l a t i v e  v e l o c i t i e s  
e i t h e r  i n  t h e  d i r e c t i o n  of or away f rom the  radar system. 
In  noncoheren t  systems it is necessa ry  t o  employ  two 
channe l s  w i th  local carriers phased 90° w i t h  r e s p e c t  t o  
e a c h  o t h e r ,  i n  o r d e r  t o  d e t e c t  t h e  s e n s e  o f  t h e  D o p p l e r  
s h i f t .  I n  order t o  make t h e  d i g i t a l  s i m u l a t i o n  as s imple  
us p o s s i b l e ,  o n l y  a s i n g l e  c h a n n e l  t r a c k e r  w a s  s imu la t ed ,  
w i t h  t h e  d i r e c t i o n  o f  t h e  s h i f t  assumed t o  be known. 
P resumab ly ,  t h i s  a s sumpt ion  shou ld  no t  l i m i t  t he  accu racy  
of any  measu remen t  s ince  the  de t e rmina t ion  o f  t he  d i r ec t ion  
of t h e  D o p p l e r  s h i f t  i s  a d i f f e r e n t  p r o b l e m  f r o m  t h e  
measurement  of  the  Doppler  spec t rum i t se l f .  
Analog Phase-Locked Loop 
T h e r e  h a v e  b e e n  s e v e r a l  v a r i a t i o n s  i n  t h e  a c t u a i  
implementa t ion  and  ar rangement  of  the  bas ic  phase- locked  
loop   f r equency   t r acke r .  However, a s i d e   f r o m   t h e   s i n g l e  
channe l  a s sumpt ion  p rev ious ly  d i scussed ,  a l l  a n a l o g  u n i t s  
observed  seem t o  e s s e n t i a l l y  r e d u c e  t o  t h e  b a s i c  p h a s e -  
l o c k e d  l o o p  d i s c r i m i n a t o r  s y s t e m  w i d e l y  u s e d  i n  communi- 
c a t i o n s   s y s t e m s .  The r e f e r e n c e s  on   phase- lock   loops   a re  
q u i t e  e x t e n s i v e ,  a n d  n o  a t t e m p t  w i l l  be made h e r e  t o  
document t h e  l i t e r a t u r e  o n  t h e  subject. The  primary  source 
used i n  o b t a i n i n g  d a t a  i n  d e v e l o p i n g  t h e  model  was t h e  
J P L  r e p o r t  of Tauswor the  ( r e f .  7 1 ) .  
The b a s i c  a n a l o g  m o d e l  c o n s i d e r e d  i n  t h i s  i n v e s t i g a t i o n  
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is shown i n  b l o c k  form i n  F i g .  la.  The i n p u t  s i g n a l  x ( t )  
is m u l t i p l i e d  by t h e  VCQ o u t p u t  v ( t ) ,  and the  low- 
f r equency  po r t ion  of t h i s  s i g n a l  is  a p p l i e d  t o  t h e  loop 
fi l ter .  The o u t p u t  of t h e  loop f i l t e r  d ( t )  r e p r e s e n t s   a n  
A 
averaged estimate of the Doppler s h i f t ,  which i s  simul- 
t a n e o u s l y  a p p l i e d  t o  the i n p u t  of t h e  VCO. By means of 
t h e  feedback mechanism, t h e  f requency  of  t h e  VCO can be 
made to track v e r y  c l o s e l y  t h e  s t a t i s t i ca l  "average" of 
t h e  inpu t   Dopp le r   s igna l .  T h i s  s h i f t  can be a c t u a l l y  
measured via  t h e  bias d ( t )  e x i s t i n g  at the i n p u t  t o  t he  
h 
V c o  . 
Although the a n a l y s i s  of t h i s  a c t i o n  i s  widely known, 
a brief review w i l l  be presented here i n  o r d e r  t o  p rov ide  
a basis for t h e  d i s c u s s i o n  t o  f o l l o w .  A s s u m e  t h a t  t h e  
i n p u t  x (t) is  t h e  no rma l i zed  func t ion  
where Zc=wCJ27r is  the c y c l i c  c e n t e r  f r e q u e n c y  of t h e  loop  
and 8 '(t) is. the i n p u t  p h a s e  v a r i a t i o n .  The p h a s e  v a r i a t i o n  
i s  related t o  the i n p u t  D o p p l e r  v a r i a t i o n  d ( t )  by 
1 
e I (t) = z n / a ( t ) d t  (16) 
Assume that the f e e d b a c k  s i g n a l  v ( t )  i s  of t h e  normalized 
form 
v ( t )  = 47 cosr~,t+e (t) 1
2 
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where 8 (t) is t h e  f e e d b a c k  p h a s e  v a r i a t i o n .  L e t  d (t) 
r e p r e s e n t  the output   Doppler  estimate. Then 8 (t) and 
2 
2 
d (t) are r e l a t e d  by 
The ideal o u t p u t  of t h e  m u l t i p l i e r  e , ( t )  would be 
t h e   p r o d u c t  of x (t) a n d  v (  t) as -g iven  by 
e , ( t )  = s i n t O , ( t ) - e , ( t )  I 
+ sin[2wct+8 ( t ) + 0 2  (t) 1 
I n  a l l  t r e a t m e n t s  of the  phase - locked  loop  obse rved  in  the  
l i t e r a t u r e ,  t h e  a s s u m p t i o n  is made t h a t  t h e  s e c o n d  h a r m o n i c  
tenn i n  ( 1 9 )  can be e l imina ted  due  t o  e i t h e r  o r  both of  t h e  
f o l l o w i n g  t w o  r easons :  (a) Practical  m u l t i p l i e r s  are 
f requency  l imited,  and i f  t h e  frequency is  high  enough, t h e  
m u l t i p l i e r  w i l l  no t  r e spond  t o  t h i s  second-harmonic term. 
(b)  The bandwidth  of   the  loop i s  so l o w  compared  with  the 
second harmonic of  the carrier f r e q u e n c y  t h a t  t h i s  component 
w i l l  h a v e  n e g l i g i b l e  t r a n s m i s s i o n  t h r o u g h  t h e  f i l t e r .  
While b o t h  o f  t h e s e  a s s u m p t i o n s  a r e  a p p a r e n t l y  v a l i d  
in  h igh  f requency  phase- locked  loops  des igned  for  s tandard  
FM d e m o d u l a t i o n ,  i n  t h e  case of low-frequency wide-band 
Dopp le r  t r acke r s ,  one  or both  assumpt ions  may n o t  be ap- 
p r o p r i a t e .  T h i s  p o i n t  w i l l  be discussed more f u l l y  i n  t h e  
d i g i t a l  s i m u l a t i o n  d e v e l o p m e n t  later.  
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Cont inuing  w i t h  t he  o r ig ina l  deve lopmen t  and  con-  
s i d e r i n g  o n l y  t h e  low f requency  term, t h i s  error e (t) i s  
The loop  f i l ter  t h e n  "smoothes" the error e ( t )  t o  y i e l d  a n  
average  estimate d ( t )  of t h e  D o p p l e r  s h i f t .  
h 
A widely  employed  l inear ized  model of t h e  phase- 
locked loop may be  obta ined  by  assuming tha t  t he  error 
8 1 - e 2  i s  s u f f i c i e n t l y  small so tha t  t h e  s i n e  term i n  (20) 
may be  approximated  by i t s  argument. With t h i s  assumption 
an 6-plane model for t h e  s y s t e m  c a n  be d e v e l o p e d  i n  t he  
form of Fig. lb. The f o l l o w i n g  terms are d e f i n e d :  
sit) = i npu t  Dopp le r  cyclic f requency  
D ( s )  = L [ d ( t )  3 = Laplace t r a n s f o r m  of d ( t )  
d ( t )  = estimate of Doppler  cyc l ic  f requency  
D ( s )  = L [ d ( t )  1 
A 
A A 
e ( t )  = Phase Error = 8 1 - 0 ,  i n  l i n e a r  model 
E ( s )  = L [ e ( t )  3 
H & s )  = t r a n s f e r  f . u n c t i o n  of loop  filter 
It is sometimes convenient  t o  r e p l a c e  t h e  block d i a -  
gram of  Fig.  lb  by the e x t e r n a l l y - e q u i v a l e n t  u n i t y  f e e d b a c k  
form of   F ig .  IC. This  model is v e r y   u s e f u l   f o r   d e t e r m i n i n g  
i n p u t - o u t p u t  r e l a t i o n s h i p s ,  b u t  i t  must be used w i t h  
c a u t i o n  when computa t ions   i n s ide  t h e  l o o p   a r e  made. For 
example, l a t e r  i n  t h i s  r e p o r t ,  a n  a n a l y s i s  w i l l  be made of 
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t h e   p h a s e  error. I f  t h e  u n i t  f e e d b a c k  f o r m  i s  employed, 
it i s  n e c e s s a r y  t o  d e f i n e  t h e  p h a s e  error a t  t h e  mid- 
po in t  . be tween  the  2r/s and He ( s )  b locks .  
Second-Order Analog  loo^ 
The most w i d e l y  u s e d  a n a l o g  l o o p  f i l t e r  a p p e a r s  t o  
b e  t h e  f i r s t - o r d e r  t r a n s f e r  f u n c t i o n  g i v e n  by 
H e ( s )  = K o ’ ( l + T , s )  
l + T  1s 
However, i n  t h e  a n a l y s i s  o f  s u c h  a loop ,  t h e  approxima- 
t i o n  t h a t  T, >> T2 is  u s u a l l y  made so  t h a t  t h e  f i l t e r  
behaves  approx ima te ly  l i ke  a s i n g l e  l e a d  c o u p l e d  w i t h  a 
p u r e   i n t e g r a t i o n .   I n   v i e w   o f   t h e   e v e n t u a l   g o a l  of d i g i t a l  
implementat ion,  it seems l o g i c a l  t h a t  t h e  c o r r e s p o n d e n c e  
o f  pu re  in t eg ra t ion  (pu re  summat ion )  shou ld  be  cons ide red ,  
a n d  h e n c e  t h e  a c t u a l  l o o p  f i l t e r  t h a t  w i l l  be assumed i n  
t h i s  a n a l y s i s  i s  of  the  form 
S 
The c l o s e d  l o o p  t r a n s f e r  f u n c t i o n  G ( s )  is  g iven  by 
G ( s )  = 2 r K o ( l + S - r )  
s L + 2 ~ K o - r s + 2 ~ K o  
O b s e r v e  t h a t  t h e  e f f e c t i v e  g a i n  c o n s t a n t  is  a c t u a l l y  271 
times t h e   a c t u a l   l o o p   f i l t e r   g a i n   c o n s t a n t .   F o r   c o n v e n i e n c e ,  
a n  e f f e c t i v e  g a i n  c o n s t a n t  K w i l l  be  de f ined  as 
17 
K = 2aK 
0 
With t h i s  d e f i n i t i o n  t h e  t r a n s f e r  f u n c t i o n  is  
G ( s )  = K ( l + s T )  
s ‘+KTs+K 
Suppose it is  desired t h a t  t h e  q u a d r a t i c  i n  t h e  
denominator of G ( s )  have a damping r a t i o  5 and a n a t u r a l  
r ad ian   f r equency  wo. I t  can be r e a d i l y  shown t h a t  t h e  
e f f e c t i v e  g a i n  c o n s t a n t  a n d  n u m e r a t o r  t i n e  c o n s t a n t  r e q u i r e d  
are g i v e n  by 
K = wo 2 (26) 
. r = %  
w 
0 
Although the l i n e a r  model i s  n o t  p a r t i c u l a r l y  a c -  
c u r a t e  f o r  r e l a t i v e l y  l a r g e  e r r o r s  ( a p p r o a c h i n g  ~ r / 2  r a d i a n s ) ,  
it i s ,  n o n e t h e l e s s ,  i f i t e r e s t i n g  a n d  m e a n i n g f u l  f o r  a p p r o x i -  
mate purposes  t o  d e t e r m i n e  t h e  n a t u r e  o f  t h e  p h a s e  e r r o r  
p red ic t ed  f rom the  l i nea r  mode l  as a f u n c t i o n  o f  s i m p l i f i e d  
i n p u t  s i g n a l s .  With t h i s  g o a l  i n  mind t h e  t r a n s f e r  f u n c t i o n  
r e l a t i n g  t h e  p h a s e  error E ( s )  
g iven  by 
E ( s )  = 2 1 ~ s  Dm s L + K f ~ + ~ O  
-  
A s s u m e  that .the i n p u t  Doppler 
s h i f t  of magni tude  do( in  HZ). 
t o  t h e  D o p p l e r  s h i f t  D ( s )  i s  
2TS 
SL+2<WOS+WOL 
d i t f  i s  a s t e p  f r e q u e n c y  
The t i m e  domain e r r o r  e s ( t )  
(28) 
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for an underdamped loop is g i v e n  by 
where f o = w  /2n. The maximum phase  error E, f o r  t h e  s t e p  
i n p u t  occurs a t  a t i m e  Tsm. The r e l a t i o n s h i p s  c a n  b e  
shown t o  be 
0 
WO s m  T =  COS"^; 
7E?- 
F o r  t h e  case of  a c r i t i c a l l y  damped loop (5=1) , t h e  
error i s  
e, (t) = 2 ~ d , t ~ - ~ o ~  
F o r  t h i s  case, Tsm and Esm a r e  
uoTsm = 1 
The s t e a d y - s t a t e  error f o r  a s t e p  i n p u t  is  ze ro ;  i . e .  
e, (m) = 0 
Next assume t h a t  t h e  D o p p l e r  i n p u t  u n d e r g o e s  a ramp 
o f   i n p u t   f r e q u e n c y   s h i f t .   ( T h i s   w o u l d   c o r r e s p o n d   t o  a 
( 3 3 )  
( 3 4 )  
( 3 5 )  
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cons tan t   non-ze ro  acceleration.) The i n p u t  is g iven  by 
where d l  is measured i n  H Z / s e c = H z 2 .  The t iW domain error 
e r ( t )  f o r  r h e  underdamped loop is g i v e n  by 
'Phe m a x i m u m  phase  error E, f o r  t h e  ramp i n p u t  o c c u r s  a t  
a time T,. Fo r   t he   unde rdamped   l oop ,   t he   r e l a t ionsh ips  are 
For t h e  case o f  t h e  c r i t i c a l l y  damped loop and 
ramp i n p u t ,  t h e  error i n  p h a s e  i s  
I n  t h i s  case t h e  maximum error occur s  a t  t=- and i s  i d e n t i c a l  
w i t h  t h e  steady-state error t h a t  w i l l  be d i s c u s s e d  i n  t h e  
next  paragraph .  
The s t e a d y - s t a t e  p h a s e  error for  t h e  ramp frequency 
i n p u t  is a cons t an t  and  i s  g iven  by 
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The s t e a d y - s t a t e  f r e q u e n c y  errors f o r  b o t h  t h e  s t e p  a n d  
ramp f r e q u e n c y  i n p u t s  are z e r o  i n  t h e  i d e a l  l i n e a r  m o d e l s .  
I n  e f f e c t  t h e  l o o p  g a i n  p r o d u c t  i n  t h e  s y s t e m  s a t i s f i e s  
t h e  t y p e  2 c r i t e r i o n  o f  c o n t r o l  t h e o r y ,  t h u s  p r o v i d i n g  
z e r o  s t e a d y - s t a t e  errors between output  f requency esti-  
mates a n d  i n p u t  D o p p l e r  s h i f t s  f o r  b o t h  s t e p  a n d  ramp 
f r equency  inpu t s .  
D i g i t a l  P h a s e  Lock Loop 
A d i sc re t e  phase - lock  concep t  fo r  imp lemen t ing  a 
f r e q u e n c y  t r a c k e r  w i t h  d i g i t a l  t e c h n i q u e s  w i l l  be d i s -  
c u s s e d  i n  t h i s  s e c t i o n .  The sys t em  has   been   success fu l ly  
s imula ted  on  a d i g i t a l  c o m p u t e r  a n d  could  be c o n s t r u c t e d  
w i t h  e x i s t i n g  d i g i t a l  c i r c u i t r y .  I t  was designed  around 
a close comparison between each analog operat ion and a 
c o r r e s p o n d i n g  d i g i t a l  o p e r a t i o n ,  t h u s  m a k i n g  i t  convenient  
fo r   compute r   s imu la t ion   o f   an   ana log   un i t .   Whe the r   o r  
n o t  t h i s  a p p r o a c h  i s  t h e  ideal o n e  f o r  a c t u a l l y  d e s i g n i n g  
a d i r e c t  d i g i t a l  unit fo r  imp lemen ta t ion  is  an  open 
q u e s t i o n ,  as w i l l  b e  d i s c u s s e d  l a t e r .  
The sys t em unde r  cons ide ra t ion  is  shown i n  F i g .  2 .  
As is  t r u e  w i t h  any d i g i t a l  u n i t ,  t h e  s y s t e m  o p e r a t e s  
w i t h  discrete samples which are ob ta ined  by sampling t h e  
i n p u t  D o p p l e r  s i g n a l  a t  i n t e r v a l s  of T seconds  apa r t .  
The sampling ra te  must be chosen t o  be somewhat h i g h e r  
t h a n  twice t h e   h i g h e s t   f r e q u e n c y   t o  be c o n s i d e r e d .   I n   t h e  
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n o i s e - f r e e  case, t h e  i n p u t  s i g n a l  i s  assumed t o  be of 
t h e  d i s c r e t e  f o r m  
x ( n )  = fi sin[nwcT+B,  (n) 1 ( 4 2 )  
A s s u m e  t h a t  the f e e d b a c k  s i g n a l  from t h e  VCO v ( n )  i s  of 
t h e  form 
v ( n )  = JZ cos [nwc~+e2   (n )  I 
Each s u c c e s s i v e  s e t  of samples of x ( n )  a n d  v ( n )  are 
m u l t i p l i e d  t o g e t h e r  i n  a d i g i t a l  arithmetic u n i t :  The 
o u t p u t  p u l s e  t r a i n  el (n)  can  be  de te rmined  as  
( 4 3 )  
F o r  r e a s o n s  t h a t  w i l l  be e x p l a i n e d  more f u l l y  l a t e r ,  it 
was f o u n d  d e s i r a b l e  t o  employ a d i g i t a l  b a n d - r e j e c t i o n  
f i l t e r  t o  remove the spurious second harmonic component  
b e f o r e  t h e  s i g n a l  is a p p l i e d  t o  t h e  loop  f i l t e r .  I t  w i l l  
be s e e n  that  t h e  e f f e c t  of t h e  b a n d - r e j e c t i o n  f i l t e r  on 
the  ampl i tude  o f  t he  error is n e g l i g i b l e ,  b u t  there is  a 
small p h a s e   s h i f t .  However, fo r  t h e  moment, t h i s  a d d i t i o n a l  
phase term w i l l  be  neg lec t ed ,  and  the  error s i g n a l  e ( n )  a t  
the i n p u t  t o  t h e  l o o p  f i l t e r  w i l l  be assumed t o  be 
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The d i g i t a l  l o o p  f i l t e r  is a f i r s t - o r d e r  t r a n s f e r  
f u n c t i o n  d e s i g n e d  by means of t h e  b i l i n e a r  t r a n s f o r m a t i o n  
a p p l i e d  t o  the  ana log  p ro to type ,  t hus  mak ing  it behave 
v e r y  c l o s e l y  w i t h  t h e  a n a l o g  u n i t .  
I n  order t o  develop  a d i g i t a l   f i l t e r  by t h e  b i l i n e a r  
t r a n s f o r m a t i o n  t e c h n i q u e ,  a n  a n a l o g  p r o t o t y p e  t r a n s f e r  
f u n c t i o n  is f i r s t  assumed. I n  t h i s  case it  is 
where  the  complex  var iab le  p deno tes  a p r o t o t y p e  r e f e r e n c e  
v a r i a b l e .  The b i l i n e a r   t r a n s f o r m a t i o n   r e a d s  
where C, is a mapping constant and z i s  the  z - t ransform 
v a r i a b l e .  The v a l u e  z- '  deno tes  a one-uni t  (T) time de lay .  
S u b s t i t u t i o n   o f   ( 4 7 )   i n t o  ( 4 6 )  y i e l d s  f o r   t h e  z- 
t r a n s f e r  f u n c t i o n  
where 
A = KO ( ~ + C , T )  
'e 
a ,  = Ce-r-l 
T- 
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L e t  d ( n ) r e p r e s e n t  t h e  s a m p l e d  v e r s i o n  o f  t h e  o u t p u t  
Doppler estimate, and l e t  e ( n )  r e p r e s e n t  t h e  i n p u t  t o  
t h e   l o o p   f i l t e r .  The t r a n s f e r   f u n c t i o n   o f   ( 4 8 )  is  
gene ra t ed  by t h e  a l g o r i t h m  
A 
$ ( n )  = z(n-1)  + A [ x ( n ) - a l x ( n - l )  I 
(51) 
Because of t h e  f a c t  t h a t  a, is a number  very close t o  
u n i t y ,  as observed from ( S O ) ,  it was d i s c o v e r e d  t h a t  ac- 
cumulated error could  be minimized i n  t he  p r o c e s s  of (51 )  
by r e w r i t i n g  i n  t h e  f o r m  
i ( n )  = i ( n - 1 )  + A [ x ( n ) - x ( n - l ) + b x ( n - l )  I 
where 
b =  2 
l+Ce' 
(53) 
The d i g i t a l  VCO is a n u m e r i c a l  p r o c e s s  i n  w h i c h  t h e  
A 
Doppler estimate d ( n )  $ @ " " i n t e g r a t e d "  by a zero-order  summation 
and used to  modulate the argument of a c o s i n e  f u n c t i o n .  
The o u t p u t  o f  t h e  VCO was expres sed  by e q u a t i o n  ( 4 3 ) .  The 
ang le  e 2  (n)  is g iven  by 
The t r a n s f e r  f u n c t i o n  o f  t h e  VCO i s  then  g iven  by 
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L e t  p=jX r e p r e s e n t  t h e  i m a g i n a r y  a x i s  o f  t h e  p r o t o -  
t y p e  var iable ,  and l e t  s = j u  r e p r e s e n t  t h e  i m a g i n a r y  a x i s  
o f   t h e   f i n a l   s - p l a n e   f u n c t i o n .  From t h e  b i l i n e a r  t r a n s -  
format ion  of ( 4 7 1 ,  it c a n  b e  s e e n  t h a t  
A = C t a n g  = C tan.rrf 
e 2  e f S 
where f ,  i s  the  sampl ing  f r equency  g iven  by 
f s  = - 1 
T 
Assume t h a t  a p a r t i c u l a r  p r o t o t y p e  r a d i a n  r e f e r e n c e  f r e -  
quency X i s  t o   c o r r e s p o n d  t o  a p a r t i c u l a r   c y c l i c   r e f e r e n c e  
f r e q u e n c y   f r   i n   t h e   a c t u a l   s y s t e m .  The c o n s t a n t  Ce i s  
then  
r 
ce = A r C O t  lT€r 
- 
( 5 7 )  
If the  sampl ing  r a t e  i s  chosen t o  be s u f f i c i e n t l y  h i g h  
compared t o  t h e  f r e q u e n c y  r a n g e ’  of main concern (order  of 
t e n  times o r  s o ) ,  t h e  mapping c o n s t a n t  i s  g iven  by approxi-  
mate ly  
‘e ‘r ‘s, ( 5 9 )  
TT f r  
I f  one- to-one  cor respondence  be tween ana log  and  d ig i ta l  
f i l t e r s  i s  d e s i r e d  ( X r  = 2 1 ~ f ~ ) ,  t hen  
c, = 2fs = 2 ( f s )  fc = 2 a f c  - 
f C  
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where 
a = f s  
f 
C 
The q u a n t i t y  a is  a conven ien t  pa rame te r  giving t h e  
r a t io  of  sampling frequency t o  c e n t e r  f r e q u e n c y  o f  t h e  
loop.  I t  can also b e  i n t e r p r e t e d  as t h e  number  of   points  
per   cyc le   measured  a t  t h e  center f r e q u e n c y .   F i n a l l y ,  
s i n c e  real-time o p e r a t i o n  is  n o t  s o u g h t  i n  t h e  s i m u l a t i o n ,  
f c  can  be  no rma l i zed  t o  u n i t y ,  y i e l d i n g  
ce = 2a (62) 
f o r  f c  = 1. I n   s u b s e q u e n t   d i s c u s s i o n s ,  a l l  f r e q u e n c i e s  
and time c o n s t a n t s  w i l l  o f t e n  b e  s e l e c t e d  w i t h  t h e  as- 
sumption of the  no rma l i zed  cen te r  f r equency  o f  un i ty .  
Notch F i l t e r  
I n  t h e  l a s t  sec t ion ,  men t ion  w a s  made of employing 
a n o t c h  f i l t e r  a t  t h e  o u t p u t  o f  t h e  m u l t i p l i e r  i n  o r d e r  t o  
remove t h e  component a t  the  second-harmonic  of  the  center 
f requency   of   the   loop .  I t  a p p e a r s   t h a t   t h i s   p r o c e d u r e  i s  
more d e s i r a b l e  i n  a d i g i t a l  u n i t  t h a n  i n  c e r t a i n  classical  
t y p e s  o f  a n a l o g  m u l t i p l i e r s  b e c a u s e  o f  t h e  " i d e a l "  n a t . u r e  
of t h e  m u l t i p l i c a t i o n  i n  t h e  d i g i t a l  m u l t i p l i e r .  F u r t h e r -  
more, a r e l a t i v e l y  l o w  freQuency wide-band Doppler fre- 
quency  t racker  would  requi re  a loop  f i l ter  having a band- 
wid th  too wide to  adequately suppress  the second harmonic 
term. 
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L e t ,  H n ( p )  r e p r e s e n t  t h e  p r o t o t y p e  t r a n s f e r  f u n c t i o n  
of a s e c o n d - o r d e r   n o t c h   f i l t e r .   I f   t h e   n o t c h   f r e q u e n c y  
is  normalized t o  u n i t y ,  t h i s  f u n c t i o n  is 
H n ( p )  = p'+l  
p 2 + p + 1  
Qn 
where 
Qn = Center  Frequency 
3 dB Notch Bandwidth 
The t r a n s f e r  f u n c t i o n  ( 6 3 )  may be mapped t o  t h e  
d i s c r e t e  domain  by t h e  t r a n s f o r m a t i o n  
p = c (1-2-1) 
1 + P 1  
The imaginary axes are r e l a t e d  by 
X = C n t a n z  = Cntan.rrf 
2 afC 
where a w a s  d e f i n e d   i n   e q u a t i o n  (61). S i n c e   t h e   n o t c h  
is r e q u i r e d  t o  be  a t  twice t h e  carr ier  f requency ,  f = 2 f C  
and X = l ,  r e s u l t i n g  i n  
cn = co t  
a 
I n s e r t i n g  (65 )  i n t o  (63) and  subsequent   manipula t ion   y ie lds  
( 6 5 )  
( 6 6 )  
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Opt imiza t ion  of Notch Bandwidth 
The purpose of t h e  n o t c h  f i l t e r  i s  t o  remove t h e  h i g h  
f requency  component  of  the  s igna l  a t  t h e  o u t p u t  of t h e  
m u l t i p l i e r  as p r e v i o u s l y   d i s c u s s e d .   I d e a l l y ,   t h e   n o t c h  
f i l t e r  s h o u l d  h a v e  n e g l i g i b l e  e f f e c t  on the low-frequency 
unsmoothed  Doppler es t imate ,  s i n c e  i t  must also p a s s  
th rough   t he   no tch  f i l t e r .  Th i s   cond i t ion   cou ld   be  m e t  i f  
the  undes i rab le  h igh  f requency  component  were a s i n g l e  f r e -  
quency  located at twice t h e  carr ier  f r e q u e n c y .   I n   t h i s  
28 
case t h e  n o t c h  c o u l d  b e  l o c a t e d  a t  e x a c t l y  t h i s  f r e q u e n c y ,  
and  the  Q cou ld  be  made t o  be as h igh  as p r a c t i c a l  co- 
e f f i c i e n t  a c c u r a c y  w o u l d  p e r m i t ,  t h u s  r e s u l t i n g  i n  a 
ve ry  na r row band- re j ec t ion  no tch  hav ing  v i r tua l ly  no  
e f f e c t  away f rom the  notch .  
Unfortunately,  the hiqh-frequency component  does 
n o t  e x i s t  s o l e l y  a t  a s i n g l e  f r e q u e n c y  as can  be  seen  
m o s t  e a s i l y  f r o m  t h e  o r i g i n a l  a n a l o g  r e p r e s e n t a t i o n  i n  
e q u a t i o n  ( 1 9 ) .  L e t t i n g  e h ( t )  r ep resen t   he   h igh - f r equency  
s i g n a l ,  it i s  
e h ( t )  = sin[2wct+€11 (t)+€12 (t)  I 
The i n s t a n t a n e o u s  c y c l i c  f r e q u e n c y  f i ( t )  of t h i s  s i g n a l  
i s  
f i ( t )  = 2 f c + f  ( t ) + f *  ( t)  
1 
where 
f ( t) = i n s t a n t a n e o u s   i n p u t   f r e q u e n c y  
1 
f ( t )  = ins tan taneous   feedback   f requency  
2 
= 1 de2 ( t )  -
d t  
( 7 6 )  
(77) 
( 7 9 )  
Al though  the re  w i l l  c e r t a i n l y  b e  a r easonab le .  
f r a c t i o n   o f   t h e  t i m e  when  f and f a r e   n o t   e q u a l ,   e . g .  
du r ing   sudden   changes ’o f   t he   Dopp le r   sh i f t  w h i l e  t h e  I. 
1 2 
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loop i s  a t t empt ing  t o  t r a c k  t h e  s i g n a l ;  f r o m  t h e  p o i n t  
o f  v i ew o f  s t eady- s t a t e  behav io r ,  t he  loop w i l l  always 
even tua l ly  r each  ze ro  f r equency  error f o r  a s i n u s o i d a l  
i n p u t  s i g n a l  o f  a c o n s t a n t   f r e q u e n c y .   C o n s i d e r i n g   t h i s  
i m p o r t a n t  l i m i t i n g  case, assume t h a t  t h e  i n p u t  D o p p l e r  
is  a s i n g l e  f r e q u e n c y  f d  i n  w h i c h  case 
f = f   = f d  
1 2 
The ins t an taneous  f r equency  o f  eh ( t )  i s  now 
f i  = 2fC+2fd 
Observe t h a t  s i n c e  t h e  D o p p l e r  s h i f t  may b e  e i t h e r  posi- 
t i v e  o r  n e g a t i v e ,  t h e  r a n g e  o f  t h e  s t e a d y - s t a t e  f r e q u e n c y  
s i g n a l  i s  
The conclus ions  of  the  preceding  development  may  now 
b e  s t a t e d .  'The notch  cannot  be  made t o  be  ex t r eme ly  sha rp  
b e c a u s e  t h e  f r e q u e n c y  o f  t h e  u n d e s i r e d  s i g n a l  c a n  v a r y  
o v e r  t h e  r a n g e  g i v e n  i n  ( 8 2 )  , and  an  excep t iona l ly  sha rp  
notch would f a i l  t o  p r o v i d e  a d e q u a t e  a t t e n u a t i o n  f o r  a 
s i g n a l ' w i t h   a n y   r e a s o n a b l e   v a l u e   o f   D o p p l e r   s h i f t .  In 
f a c t ,  as t h e  D o p p l e r  s h i f t  i n c r e a s e s ,  t h e  w i d t h  o f  t h e  
notch  must  be  increased  (lower Q )  i n  o r d e r  t o  accommodate 
t h e  o b j e c t i v e .  However, as t h e   w i d t h   o f   t h e   n o t c h  i s  
(81)  
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i n c r e a s e d ,  t h e  e f f e c t  o n  t h e  l o w - f r e q u e n c y  o p e r a t i o n  o f  
t h e   l o o p  i s  more pronounced.   Thus,   there  i s  a t r a d e o f f  
b e t w e e n  t h e  a t t e n u a t i o n  e f f e c t i v e n e s s  o f  t h e  f i l t e r  a n d  
t h e  a m o u n t  o f  u n d e s i r e d  p a r a s i t i c  e f f e c t  o n  t h e  l o o p ,  
which becomes m o r e  d i f f i c u l t  a s  t h e  D o p p l e r  s h i f t  i n -  
creases. 
I t  is  p o s s i b l e  t o  de termine  an  optimum Q f o r  t h e  
n o t c h  f o r  a g i v e n  r a n g e  o f  D o p p l e r  s h i f t s ,  i f  c e r t a i n  
c r i t e r i a  are s p e c i f i e d .  An a n a l y s i s   o f   t h e   s t e a d y - s t a t e  
r e s p o n s e  o f  t h e  n o t c h  f i l t e r  i n  t h e  v i c i n i t y  o f  t h e  n o t c h  
shows t h a t  f o r  a g i v e n  f d ,  t h e  m a g n i t u d e  t r a n s f e r  r a t i o  
(MTR) of t h e  notch  i s  q iven  by 
MTR] 2Qnfd 
notch  
f i l t e r  G 
The m a g n i t u d e  t r a n s f e r  r a t i o  of t h e  l o o p  f i l t e r  i tself  i n  
t h e  v i c i n i t y  o f  t h e  n o t c h  i s  g i v e n  by 
MTR] = K , J ~ + w ~ T ~  
loop w 
f i l t e r  
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The  approximation i n  ( 8 4 )  is v a l i d  s i n c e  t h e  e x p r e s s i o n  
u n d e r  t h e  r a d i c a l  i s  normally much l a r g e r  t h a n  one. The 
t o t a l  m a g n i t u d e  t r a n s f e r  r a t i o  b e t w e e n  m u l t i p l i e r  o u t p u t  
a n d  l o o p  f i l t e r  o u t p u t  is  
MTR] 
L e t  Kd r e p r e s e n t  t h e  r a t i o  o f  t h e  p e a k  h i g h  f r e -  
quency  component t o  t h e   D o p p l e r   s h i f t   f d .   T h i s   v a l u e  
i s  
f C 
From t h i s  e q u a t i o n ,  t h e  v a l u e  of Qn may be determined t o  
y i e l d  a s p e c i f i e d  Kd w i t h  t h e  o t h e r  p a r a m e t e r s  known. I t  
s h o u l d  b e  p o i n t e d  o u t  t h a t  Q, cannot  be  decreased  in-  
d e f i n i t e l y ,  s i n c e  t o  do so would cause some e f f e c t  i n  t h e  
l o w - f r e q u e n c y  l o o p  p a s s b a n d ,  p a r t i c u l a r l y  i n  r e g a r d  t o  
a d d i t i o n a l   p h a s e   s h i f t   f o r   t h e   d a t a .  The r e l a t i o n s h i p  of 
( 8 6 )  w a s  checked i n  s e v e r a l  c o m p u t e r  r u n s  a n d  was found 
t o  b e  q u i t e  a c c u r a t e .  
Computer Simulation 
The d i g i t a l  f r e q u e n c y  t r a c k e r  p r e v i o u s l y  d e s c r i b e d  
w a s  s imula ted   on   an  IBM 1130.   Although  several   modif ica-  
t i ons  on  the  p rogram were cons ide red ,  a r e p r e s e n t a t i v e  
32 
FORTRAN I V  p r o g r a m  o f  t h e  e s s e n t i a l  l o o p  f u n c t i o n  is 
shown i n  Appendix A. A s  u s u a l  i t  w a s  necessary  t o  modify 
t h e  m a t h e m a t i c a l  n o t a t i o n  somewhat when c o n s t r u c t i n g  t h i s  
program.  Extensive  runs were made w i t h  d i f f e r e n t  t y p e s  
of i n p u t s  a n d  d i f f e r e n t  p a r a m e t e r s  f o r  t h e  l o o p .  
Although it w a s  obv ious ly  imposs ib l e  t o  check a l l  
of t h e  r e s u l t s  w i t h  a c t u a l  p h a s e - l o c k e d  l o o p  f r e q u e n c y  
trackers,, s e v e r a l  r e p r e s e n t a t i v e  r u n s  were compared with 
t h e  r e s p o n s e s  p r e d i c t e d  f r o m  t h e  l i n e a r  m o d e l .  One would 
no t  expec t  t o  achieve  exac t  cor re la t ion  be tween the  s imu-  
l a t e d  s y s t e m  a n d  t h e  l i n e a r  m o d e l ,  s i n c e  t h e  s i m u l a t e d  
model is  n o n l i n e a r .  However, € o r   r e l a t i v e l y  small f r e -  
quency  dev ia t ions ,  t he re  shou ld  be  c lose  co r re spondence .  
Th i s  p rope r ty  was v e r i f i e d  s i n c e  t h e  s i m u l a t i o n  d i d  show 
close c o r r e l a t i o n  f o r  f a i r l y  s m a l l  d e v i a t i o n s .  
Zero-Crossing Discr iminator  
A p a r t i c u l a r  f o r m  o f  d i g i t a l  p h a s e - l o c k e d  l o o p  t h a t  
was c o n s i d e r e d  e a r l y  i n  t h i s  i n v e s t i g a t i o n  w a s  one em- 
p loy ing  ze ro -c ross ings  detectors a s  a means f o r  p r o v i d i n g  
t h e  error s i g n a l  f o r  t h e  l o o p .  The bas ic   open- loop  zero-  
c r o s s i n g  d i s c r i m i n a t o r  h a s  b e e n  a n a l y z e d  i n  t h e  l i t e r a t u r e  
( r e f s .  2 1 ,  5 6 ) .  
The c losed- loop  sys tem cons idered  i s  shown i n  F i g .  3 .  
The i n p u t  z e r o - c r o s s i n g  d e t e c t o r  p r o v i d e s  a pu l se  each  
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time t h e   D o p p l e r   s i g n a l   c h a n g e s   s i g n .   T h i s   p u l s e   t r a i n  
i s  a p p l i e d  t o  t h e  p o s i t i v e  i n p u t  of an accumulator, 
which   records   the  number o f  p u l s e s  r e c e i v e d .  A t  t h e  
same t i m e  a f e e d b a c k  p u l s e  t r a i n  is a p p l i e d  t o  the  nega-  
t i v e  i n p u t  o f  t h e  a c c u m u l a t o r ,  w h i c h  s u b t r a c t s  f r o m  t n e  
t o t a l .  The ou tpu t   o f   t he   accumula to r  a t  any time i s  
equa l  t o  t h e  d i f f e r e n c e  b e t w e e n  t h e  number  of zero- 
c r o s s i n g s  o b t a i n e d  f r o m  t h e  i n p u t  D o p p l e r  s i g n a l  a n d  t h e  
number o f   z e r o - c r o s s i n g s   o f   t h e   f e e d b a c k   s i g n a l .  The 
d i g i t a l  l o o p  f i l t e r  i s  chosen t o  smooth t h i s  e r r o r  s i g n a l  
and provide an estimate of  the  Doppler .  
A s y s t e m  o f  t h i s  t y p e  w a s  a c t u a l l y  s i m u l a t e d  o n  t h e  
IBM 1130,   and   severa l   runs  were made.  The r e s u l t s  ap- 
p e a r e d  t o  b e  p r o m i s i n g ,  b u t  t h e  d e s i g n  w a s  n o t  f i n a l i z e d .  
I t  appea red  tha t  some f u r t h e r  s t u d y  w a s  needed t o  d e t e r m i n e  
t h e  a p p r o p r i a t e  t y p e  o f  l o o p  f i l t e r  t o  employ.  The  loop 
f i l t e r  c o n s i d e r e d  f o r  t h e  c l a s s i c a l  t y p e  o f  t r a c k e r  was 
not   adequate .   Because  of  a c h a n g e   i n   t h e   d i r e c t i o n   o f  
t h i s  i n v e s t i g a t i o n ,  t h i s  s y s t e m  w a s  neve r  fu l ly  deve loped .  
I t  i s  f e l t  t h a t  t h i s  s y s t e m  c o u l d  i n d e e d  w a r r a n t  f u r t h e r  
s tudy  . 
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FAST  FOURIER  TRANSFORM  PROCESSING 
I n t r o d u c t i o n  
The Fast-Fourier  Transform (FFT) is  a rapid compu- 
t a t i o n a l  method f o r  e v a l u a t i n g  t h e  F o u r i e r  c o e f f i c i e n t s  
o f  a f i n i t e  l e n g t h  r e c o r d  o f  a d i s c r e t e  s i g n a l .  T h i s  
technique  appears  t o  have  cons ide rab le  promise f o r  
p r o c e s s i n g  s i g n a l s  i n  w h i c h  t h e  s p e c t r a l  c o n t e n t  i s  of  
pr imary  importance.   The  process  may b e  a p p l i e d  to a 
normal computer by programming it t o  p e r f o r m  t h i s  f u n c t i o n ,  
or  a s p e c i a l  FFT computer may b e  b u i l t  t o  s p e c i f i c a l l y  
perform spectral  a n a l y s i s .  The increasing  advancement  
i n  m i c r o - i n t e g r a t e d  d i g i t a l  c i r c u i t s  h a s  r e s u l t e d  i n  t h e  
p o s s i b i l i t y  o f  i m p l e m e n t i n g  c e r t a i n  s p e c i a l  FFT p rocesso r s  
f o r  o n - b o a r d  s p a c e c r a f t  s i g n a l  a n a l y s i s  w i t h i n  t h e  n o r m a l  
s i z e  a n d  w e i g h t  c o n s t r a i n t s  of such missions.  
The purpose of t h i s  i n v e s t i g a t i o n  w a s  t o  assess t h e  
p o t e n t i a l  of t h e  FFT technique  for  process ing  Doppler  re turn  
s i g n a l s  i n  a p l a n e t a r y   r a d a r  altimeter. Measurement of 
c e r t a i n  p r o p e r t i e s  of the  spec t rum is  r e q u i r e d  i n  o r d e r  t o  
estimate t h e  v e l o c i t y  a n d ,  i n  some cases, t h e  a l t i t u d e  of 
t h e  s p a c e c r a f t ,  d e p e n d i n g  o n  t h e  exact type  o f  r ada r  sys t em 
employed ( r e f s .  2, 4, 5 ,  6, 22,  23, 24, 26, 31,  51, 61,  65, 
70, 74) . 
Most Doppler altimeter systems in  use today employ 
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an  ana log  phase- locked  loop  f requency  t racker  of t h e  
t y p e  c o n s i d e r e d  i n  a n  earlier p a r t  o f  t h i s  r e p o r t .  
Along wi th  the  concept  of  implement ing  the  phase- locked  
l o o p  w i t h  d i g i t a l  t e c h n i q u e s  i n v e s t i g a t e d  earlier,  t h e  
u s e  o f  t h e  FFT concept  as a d i f f e r e n t  t y p e  o f  d i g i t a l  
processing mechanism was i n v e s t i g a t e d .  
Discrete F o u r i e r  T r a n s f 0 . v  
The F a s t  F o u r i e r  T r a n s f o r m  (FFT) i s  a high-speed 
a l g o r i t h m  f o r  e v a l u a t i n g  t h e  Discrete Four ie r  Transform 
(DFT) .  I n  t h i s  s e c t i o n  t h e  DFT w i l l  be   developed  as   an 
a p p r o x i m a t i o n   t o   t h e   f i n i t e   F o u r i e r  series. This  ap- 
proach i s  s l i g h t l y  d i f f e r e n t  t o  most of the developments 
a p p e a r i n g  i n  t h e  l i t e r a t u r e ,  b u t  i t  i s  f e l t  t h a t  it 
o f f e r s  c e r t a i n  a d v a n t a g e s  i n  a c h i e v i n g  u n d e r s t a n d i n g  o f  
t h e  p r o c e s s .  
Consider  a s i g n a l  x ( t )  d e f i n e d  o v e r  t h e  f i n i t e  r a n g e  
o<t<Tp.  " T h i s   i n t e r v a l  may r e p r e s e n t   o n e   o r  more c y c l e s  
of a p e r i o d i c  s i g n a l ,  or i t  may r ep resen t  s imply  a segment 
of a random p r o c e s s  h a v i n g  i n f i n i t e  limits. I t  i s  w e l l -  
known i n  t h e  t h e o r y  o f  b o u n d a r y  v a l u e  p r o b l e m s  t h a t  s u c h  
a f u n c t i o n  may be expanded i n  a F o u r i e r  series as long as 
i t  is  reasonably  "wel l -behaved."  The e v a l u a t i o n   o f   t h e  
F o u r i e r  series c o n s i s t s  i n  d e t e r m i n i n g  a se t  o f  c o e f f i c i e n t s  
de f in ing  the  ampl i tudes  o f  t he  spec t r a l  componen t s  o f  t he  
f r equency   r ep resen ta t ion  of x ( t ) .  L e t  F r e p r e s e n t  t h e  
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fundamen ta l  non-ze ro  f r equency  con ta ined  in  the  spec t rum.  
The q u a n t i t i e s  T and F are r e l a t e d  by P 
F = >  
TP 
F u r t h e r m o r e ,  t h e  f r e q u e n c i e s  i n  t h e  s p e c t r u m  are spaced 
a d i s t a n c e  F between components. 
L e t  X(-) r ep resen t  t he  complex  va lues  of t h e  
s p e c t r a l   c o e f f i c i e n t s   o f   x ( t ) .  The f i n i t e   e x p o n e n t i a l  
F o u r i e r  seriet p a i r  c a n  t h e n  b e  e x p r e s s e d  as 
rn 
x ( t )  = C X(mF)cj2'mFt 
m 
-m 
An impor t an t  p rope r ty  o f  t h e  summation (or  i n v e r s e  
t ransform)   g iven   by   (89)  is  t h a t  t h e  r e s u l t i n g  t i m e  f u n c t i o n  
is  p e r i o d i c  w i t h  p e r i o d  T r ega rd le s s  o f  whe the r  o r  n o t  t h e  
o r i g i n a l   f u n c t i o n  i s  p e r i o d i c .  T h i s  can be seen  by f i r s t  
n o t i n g  t h a t  
P 
= 1 f o r  k a n  i n t e g e r  
U t i l i z i n g  (90) it i s  r e a d i l y  shown t h a t  i n  ( 8 9 )  
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The f i r s t  s t e p  i n  a c h i e v i n g  a c o m p l e t e  d i g i t a l  
implementat ion  of   (88)   and  (89i  is  t o  d e f i n e  a s u i t a b l e  
numerical   approximation t o  t h e  i n t e g r a l  of (88) .   Al though 
many numer ica l  p rocedures  are t h e o r e t i c a l l y  p o s s i b l e ,  
t h e  t e c h n i q u e  t h a t  has  r ece ived  a lmos t  a l l  t h e  r e c e n t  
a t t e n t i o n  h a s  b e e n  a ze ro -o rde r  approx ima t ion  to  the  
i n t e g r a t i o n .  However, i n s t e a d   o f   a c t u a l l y   d e f i n i n g  it 
as a numer ica l  approximat ion ,  t h e  o p e r a t i o n  u n d e r  c o n s i d e r a -  
t i o n  h a s  b e e n  d e f i n e d  as t h e  Discrete Four ie r  Transform 
(DFT) . 
Assume t h a t  a f i n i t e  l e x y t h  r e c o r d  of a s i g n a l  
x ( t )  i s  t o  be t ransformed.   For   convenience ,  l e t  t = O  be 
t h e  s t a r t i n g  p o i n t ,  a n d  assume t h a t  t h e  r e c o r d  c o n s i s t s  
of  N s a m p l e s  o f  x ( t )  d e f i n e d  a t  e q u a l l y - s p a c e d  i n t e r v a l s  
s e p a r a t e d  by T s econds   apa r t .  Thus t h e   i n p u t   s i g n a l   c a n  
be r e p r e s e n t e d  as x(nT.1 , O<n<N-l. L e t  T r e p r e s e n t   t h e  
e n t i r e  l e n g t h  o f  t h e  r eco rd .  
P 
T = NT 
P 
The d i f f e r e n t i a l  d t  can be approximated by t h e  
s a m p l i n g   i n t e r v a l  time 1'. Thus t h e   i n t e g r a l  of (88)  may 
be approximated by t h e  summation 
N- 1 
x ( m )  = 1 C x(nT)Ej2nmnFT 
N O  ( 9 3 )  
The  summation expres sed  by (93)   can be shown t o  y i e l d  a 
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p e r i o d i c   s i g n a l   i n   f r e q u e n c y   w i t h   ' ' p e r i o d "  F where 
P 
F = 1  
P T  
This  can  be  seen  by  obse rv ing  tha t  
X(mF+Fp) = X(mF) 
Observe i n  ( 9 3 )  t h a t  
FT = 1 
N 
S u b s t i t u t i o n  of ( 9 6 )   i n   ( 9 3 )   y i e l d s  
N- 1 
X ( m F )  = 1 C x ( n T ) ~  - - j 2 ~ m  N N O  
( 9 4 )  
(95) 
( 9 6 )  
( 9 7 )  
In  v i ew of t h e  d e d u c t i o n s  o f  the p a s t  few paragraphs ,  
it can be s ta ted  t h a t  the DFT of a f i n i t e  l e n g t h  d i s c r e t e  
t i m e  s i g n a l  is  a p e r i o d i c  s p e c t r u m  d e f i n e d  o n l y  a t  discrete 
f r e q u e n c i e s .  The spac ing   be tween  spec t ra l   components  i s  
t h e  r e c i p r o c a l  o f  t h e  r e c o r d  l e n g t h  as given  by ( 8 7 1 ,  and 
t h e  "per iod"  of  the  spec t rum i s  t h e  r e c i p r o c a l  o f  t h e  
spacing  between t i m e  samples   as  shown  by ( 9 4 ) .  The l a t t e r  
r e l a t i o n s h i p  i s  re la ted t o  t h e  minimum sampling-rate con- 
c e p t   i n h e r e n t   i n   s a m p l e d   s i g n a l   t h e o r y .  The  frequency F 
i s  e q u i v a l e n t  t o  the   sampl ing  rate.  The maximum unambiguous 
frequency i s  c a l l e d  t h e  N y q u i s t  f r e q u e n c y  Fn and is  g iven  
P 
by 
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I 11111 I I I I 111 I l l  ,, , , ,,,,,,.,. I, I, I 111 1. 11.11111.-. 1 1 1  1.1.1.."."."- 
F n = F  = 1 3 2T I 
I t  can be shown t h a t  t h e  s p e c t r u m  b e t w e e n  Fn and Fp i s  
ambiguous and i s  dependent  on  the  spec t rum be tween dc  
and Fn. 
As a matter of  convenience  the  symbols  F and T i n  
the  arguments  of X(mF) and  x(nT) w i l l  be  omi t ted  and  
understood.  The  complex  value W w i l l  b e  d e f i n e d  as 
The Discrete Fourier  Transform may  now b e  s t a t e d  as 
N- 1 
x ( m )  = - 1 x(n)Wmn 
N O  
I t  should  now b e  o b s e r v e d  t h a t  t h e  i n v e r s e  t r a n s f o r m  
g iven  by ( 8 9 )  appears  t o  require  summation Over  both 
pos i t i ve  and  nega t ive  f r equenc ie s ;  whereas ,  t he  t r ans fo rm 
has  been  computed  only  for   posi t ive  f requencies .   However ,  
it can be shown t h a t  summation  of t h e  ambiguous port ion 
of  the spectrum from N/2 t o  N is  ma themat i ca l ly  equ iva len t  
t o  summing ove r   t he   nega t ive   f r equency   r ange .  The i n v e r s e  
t i m e  f u n c t i o n  is  t h e n  g i v e n  by 
N - 1  
x ( n )  = C X ( m ) W  - nm 
0 
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I n  many app l i ca t ions ,  on ly  the  t r ans fo rma t ion  f rom 
time t o  frequency i s  d e s i r e d .  I t  i s  immaterial whether  
t h e  1 / N  f a c t o r  is  p laced  w i t h  the  t ime- to- f requency  t rans-  
formation  of  ( 1 0 0 )  o r   t h e   f r e q u e n c y - t o - t i m e   t r a n s f o r m a t i o n  
o f   ( 1 0 1 ) .   F o r   c o n v e n i e n c e ,   t h e   q u a n t i t i e s  w i l l  be  re- 
d e f i n e d  so  t h a t  t h i s  f a c t o r  i s  g rouped  wi th  the  l a t t e r  
f u n c t i o n .   T h u s ,   t h e   f i n a l   d e f i n i t i o n   o f   t h e  DFT p a i r  
w i l l  be  s ta ted  as 
0 
The  r ema inde r  o f  t he  r epor t  w i l l  concen t r a t e  on  computa- 
t i o n  and i n t e r p r e t a t i o n  of ( 1 0 2 ) ,  s i n c e  f o r  the  Doppler  
a p p l i c a t i o n  u n d e r  c o n s i d e r a t i o n ,  t h i s  i s  t h e  f u n c t i o n  of 
pr imary  concern.  
Fas t  Four i e r  T rans fo rm 
The Fas t  Four i e r  T rans fo rm (FFT)  i s  a high-speed 
a l g o r i t h m  f o r  e v a l u a t i n g  t h e  Discrete F o u r i e r  Transform 
(DFT) o r  i t s  i n v e r s e .  There i s  an  extensive  volume  on 
r e c e n t   l i t e r a t u r e   a p p e a r i n g   o n  t h e  s u b j e c t .  Many of t h e  
s o u r c e s  e n c o u n t e r e d  i n  t h i s  i n v e s t i g a t i o n  are l is ted a t  
the   end  of t h i s   r e p o r t   ( r e f s .  1, 7, 8, 9, 11, 1 2 ,  14, 15,  
1 6 ,  19,  25, 27,  29, 52,   57,  62 ,  63 ,  6 4 ,  6 6 ,  68). Most of 
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t h e  c u r r e n t  i n t e r e s t  o n  t h e  subject is  based  on  the  
computa t iona l  a lgor i thm developed  by  Cooley  and  Tukey 
( r e f .  1 9 ) .  
A b r i e f  d i s c u s s i o n  o f  t h e  c o m p u t a t i o n a l  t e c h n i q u e  
w i l l  be   d i scussed .   Obse rv ing   equa t ion  ( 1 0 2 1 ,  i t  can 
b e  s e e n  t h a t  t h e  d i r e c t  c o m p u t a t i o n  o f  t h e  s p e c t r u m  
from m=O t o  m=N can  be  represented  by  the  mat r ix  
equa t ion  
1, wowo .. .w W O W ’  . . . WN- 1 0 . .  . .  . .  W O W N - l  .w ( N - 1 )  .. - 
L e t  x r e p r e s e n t  t h e  v e c t o r  d e f i n i n g  t h e  N s p e c t r a l  
components, x t h e  v e c t o r  d e f i n i n g  t h e  N time samples,   and 
[ W l  t h e  N x N ma t r ix .  The a r r ay   o f  (104) can   be   expressed  
as 
- 
If a d i r e c t  a p p l i c a t i o n  o f  (104) i s  employed to 
compute t h e  spectrum, i t  i s  necessa ry  on ly  t o  compute t h e  
spectrum  from m=O t o  m=N/2-1.  This  is  t r u e  s i n c e  t h e  
s p e c t r u m  i n  t h e  r a n g e  from m=N/2 t o  N - 1  i s  n o t  a r b i t r a r y  
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and can be deduced from the spectrum in the former range.  
However, t h e  FFT t echn ique  t o  b e  c o n s i d e r e d  s h o r t l y  re- 
q u i r e s  t h a t  t h e  f u l l y  e x p a n d e d  f o r m  o f  (1.04) b e  u s e d  i n  
e x p r e s s i n g  t h e  a l g o r i t h m .  
With  the  preceding  poin ts  in  mind ,  it can be seen 
t h a t  a t o t a l  of N 2 / 2  complex  mul t ip l ica t ion  and  N 2 / 2  
complex addi t ions are r e q u i r e d  t o  compute the  spec t rum 
d i r e c t l y   f r o m  (104) i n   t h e   r a n g e  of i n t e r e s t .   F o r   t h e  
s a k e  o f  d i s c u s s i o n  t h e  v a l u e  N 2  w i l l  be assumed as a 
r e f e r e n c e  when s p e c i f y i n g  t h e  aDproximate number of 
complex  a r i thme t i c  computa t ions  ( inc lud ing  bo th  mul t ip l i -  
c a t i o n  a n d  a d d i t i o n )  f o r  computing t h e  spectrum  of  an N 
p o i n t  s i g n a l  w i t h o u t  t h e  use  o f  t h e  FFT a lgo r i thm.  
The approach of Cooley and Tukey can be thought of as 
e q u i v a l e n t  t o  f a c t o r i n g  t h e  m a t r i x  [Wl i n t o  a number of 
s e p a r a t e  matrices, each having a l a r g e  number  of z e r o  
e n t r i e s  ( s p a r s e  matrices),  and  chosen  in  a manner t o  
r educe  the  number  of  computations by a considerable  amount .  
The most e f f i c i e n t  f a c t o r i z a t i o n  r e s u l t s  when N i s  selected 
as a n   i n t e g e r   m u l t i p l e   o f  2 .  From here o n ,  t h i s  re- 
s t r i c t i o n  w i l l  be  made. L e t  
N = 2  L 
or L = l o g  N 
2 
With t h i s  assumption t h e  number o f  m a t r i x  f a c t o r s  i s  L.  
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Thus, [Wl c a n   b e   r e p r e s e n t e d  as 
Each of t h e  i n d i v i d u a l  matrices i s  an N x N m a t r i x  
having   on ly  - t w o  non-zero  elements  on  each r o w .  One of 
the  e l emen t s  is  uni ty ,  and  t h e  o t h e r  i s  W r a i s e d  t o  some 
power i n  t h e  r a n g e  b e t w e e n  0 and N .  
There i s  one minor problem i n  t h e  n a t u r a l  o p e r a t i o n  
o f   t h e   b a s i c   a l g o r i t h m .   I f   t h e   i n p u t   v e c t o r  x c o n t a i n s  
i t s  e l e m e n t s  i n  t h e i r  n a t u r a l  o r d e r ,  t h e  o u t p u t  s p e c t r a l  
components are "scrambled" o r  s h u f f l e d  o u t  of n a t u r a l  
o r d e r  upon  computation. L e t  xs r e p r e s e n t   t h i s   s c r a m b l e d  
spec t rum  vec to r .  The ope ra t ion   can  be w r i t t e n  as 
The o r d e r  i n  w h i c h  (108) is  performed i s  a s  f o l l o w s :  
F i r s t ,   t h e   v e c t o r  i s  m u l t i p l i e d  by [ W L l  t o  y i e l d  a new 
v e c t o r .   N e x t ,   t h i s   v e c t o r  i s  m u l t i p l i e d  by [W ] t o  
y i e l d   a n o t h e r   v e c t o r .   T h i s   p r o c e s s  i s  r e p e a t e d   u n t i l   t h e  
Lth m a t r i x  m u l t i p l i c a t i o n ,  i n  w h i c h  t h e  s c r a m b l e d  v e c t o r  
Xs i s  produced. A s  p r e v i o u s l y   p o i n t e d  o u t ,  each r o w  of 
a g iven  ma t r ix  con ta ins  the  cons t an t  un i ty  and  W r a i s e d  
t o  a n  i n t e g r a l  p o w e r ,  w h i l e  a l l  o t h e r  e n t r i e s  o n  t h a t  r o w  
are  zero. The va lues  of Wk may b e  s t o r e d  i n  memory, s o  
L- 1 
- 
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t h e r e  is  n o t  n e c e s s a r i l y  any  computa t ion  involved  in  
o b t a i n i n g   t h e s e   q u a n t i t i e s .   ( T h i s   p o i n t  w i l l  b e   d i s -  
cussed  more f u l l y  la ter . )  
The m u l t i p l i c a t i o n  o f  a p a r t i c u l a r  r o w  of a m a t r i x  
by a g iven  vector involves  only  one  complex  mul t ip l i -  
ca t ion   and   one   complex   addi t ion .   S ince   there  are N rows, 
N complex  mul t ip l ica t ions  and  N complex addi t ions are 
r e q u i r e d  t o  t r a n s f o r m  a n y  v e c t o r  t o  t h e  n e x t  v e c t o r .  
However, t h e r e  are L=log N such  ope ra t ions  invo lved .  
T h u s ,  there are a t o t a l  of N log2N complex  mul t ip l ica t ions  
and N l o g  N complex   addi t ions .  By  t ak ing   advantage   o f  
c e r t a i n  s y m m e t r i e s ,  t h e  number  of  computations may be 
reduced by one-half  or  more i f  t h e  b a s i c  a l g o r i t h m  i s  
f u r t h e r   m o d i f i e d .  For t h e   s a k e  of d i s c u s s i o n ,   t h e   v a l u e  
N l og  N w i l l  be  assumed as a r e f e r e n c e  f o r  s p e c i f y i n g  t h e  
approximate number of complex ar i thmetic  computat ions 
( inc lud ing  bo th  mul t ip l i ca t ion  and  add i t ion )  fo r  comput ing  
the  spec t rum of  an  N p o i n t  s i q n a l  w i t h  t h e  FFT a lgor i thm.  
2 
2 
2 
A comparison of the  d i rec t  d e f i n i t i o n  of t h e  DFT 
w i t h  t h e  FFT f o r  a s i g n a l  w i t h  1 0 2 4  p o i n t s  s h o w s  t h a t  t h e  
number of computations required w i t h  t h e  DFT would be of 
t h e  o r d e r  o f  lo6, w h i l e  f o r  t h e  FFT t h e  number  of compu- 
t a t i o n s  would  be of t h e  order of lo4. The  computation 
t i m e  i n  t h i s  case would be about  1% f o r  t h e  FFT as compared 
w i t h  t h e  s t r a i g h t  DFT d e f i n i t i o n .  
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The v e c t o r  ", as computed  from (108) must  be 
"unsc rambled"  in  o rde r  t o  y i e l d  t h e  spectral  components 
i n  t h e i r  n a t u r a l  o r d e r .  T h i s  c a n  b e  a c h i e v e d  by  an  a lgori thm 
i n  wh ich  the  s to rage  addres ses  o f  a l l  the  components are 
l i s t e d  i n  b i n a r y .  The  component  of the  unscrambled 
v e c t o r  ?T a t  a p a r t i c u l a r  s t o r a g e  l o c a t i o n  a d d r e s s  c a n  b e  
found by going t o  the address  cor responding  t o  t h e  b i l -  
r e v e r s e d  v a l u e  o f  t h e  r e f e r e n c e  l o c a t i o n  a n d  r e a d i n g  t h e  
v a l u e  t h e r e .  
The a lgo r i thm g iven  by ( 1 0 8 )  i s  on ly  one  o f  s eve ra l  
d i f f e r e n t   t e c h n i q u e s .  An a l t e r n a t e   a p p r o a c h   h a v i n g  es- 
s e n t i a l l y  i d e n t i c a l  c o m p u t a t i o n  time i s  t o  f i r s t  s o r t  
t h e  i n p u t  t o  y i e l d  a scrambled time s i g n a l  xs. I n  t h i s  
case t h e  c o r r e s p o n d i n g  m a t r i x  f a c t o r i z a t i o n  y i e l d s  a n  
output i n  n a t u r a l  o r d e r  a c c o r d i n g  t o  t h e  e q u a t i o n  
Although ( 1 0 8 )  and ( 1 0 9 )  bo th   r equ i r e   s c rambl ing  
they  have  the  advantage  of  "computa t ion  in  p lace .  I' This  
term r e f e r s  t o  t h e  f a c t  t h a t  as the  p rogres s ive  sequence  
o f  ope ra t ions  t o  y i e ld  the  componen t s  o f  an  in t e rmed ia t e  
v e c t o r  t a k e  p l a c e ,  a g iven  new component may b e  s t o r e d  i n  
t h e  same l o c a t i o n  as the previous corresponding component  
On the  o the r  hand  i t  i s  p o s s i b l e  t o  o r g a n i z e  t h e  compu- 
t a t i o n s  so t h a t  b o t h  a n a t u r a l  i n p u t  a n d  a n a t u r a l  o u t p u t  
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o r d e r  are u t i l i z e d .  The  only  disadvantage t o  t h i s  
approach i s  t h a t  " c o m p u t a t i o n s  i n  p l a c e ' '  are n o t  
p o s s i b l e .   T h u s ,   t h e  amount  of i n t e r n a l   s t o r a g e  re- 
q u i r e d  i s  i n c r e a s e d ,  b u t  t h e  l o g i c  i s  still  s t r a i g h t -  
forward. 
P rev ious ly  , i t  w a s  shown t h a t  t h e  complex values 
Wk are r e q u i r e d   i n   t h e   c o m p u t a t i o n .   U s i n g   t h e   d e f i n i -  
t i o n  of W g i v e n  i n  ( 9 9 ) ,  t h e  v a l u e  of W k  i s  g iven  by 
Wk = E 7 = C O S ~ T T ~  - j s i n =  - j 2rk - 
N N 
Note t h a t  W i s  p e r i o d i c  w i t h  p e r i o d  N .  Fur thermore ,   the  
va lues  o f  Wk i n  any range of k could be deduced from the 
v a l u e s  o f  e i t h e r  s i n e  o r  c o s i n e  i n  t h e  f i r s t  q u a d r a n t  by 
means  of t r i g o n o m e t r i c   i d e n t i t i e s .   T h u s ,   i n   t h e o r y  i t  
would be possible  t o  deduce a l l  v a l u e s  of Wk r equ i r ed  
from the N / 4  s i n e  o r  c o s i n e  v a l u e s  i n  t h e  f i r s t  q u a d r a n t  
(o r   even  less i f  d e s i r e d )  . However, i n  p r a c t i c e  it may 
b e  d e s i r a b l e  t o  employ  more v a l u e s  t h a n  t h i s  i n  o r d e r  t o  
avoid more  complex l o g i c  i n  c a l l i n g  t h e  a p p r o p r i a t e  v a l u e s  
The values  of  Wk r e q u i r e d  may b e  s t o r e d  i n  t h e  memory of 
t h e  FFT p r o c e s s o r   f o r  r eca l l  when needed. I f  memory i s  
e x t r e m e l y  l i m i t e d ,  b u t  p r o c e s s i n g  s p e e d  i s  n o t  c r i t i c a l ,  
it may even  be  des i r ab le  to  compute  some o f  t h e  t r i g -  
onomet r i c  va lues  as t h e y  a r e  r e q u i r e d .  
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The exact o r g a n i z a t i o n  o f  t h e  logic and memory 
i s  a p r o b l e m  t h a t  m u s t  b e  c o n s i d e r e d  i n  t h e  l i g h t  o f  
t h e  overall  sys tem requi rements  and  hardware  l imi ta t ions  
i n  terms o f  s i z e ,  w e i g h t ,  a n d  t h e  p re sen t  s t a t e  of t h e  
a r t .  O b v i o u s l y ,   i f   t h e   p r o c e s s i n g  f o r  a g iven   sys tem 
can be performed on the ground,  i t  i s  n o t  n e c e s s a r y  t o  
be so p a r t i c u l a r  a b o u t  o p t i m i z i n g  t h e  l o g i c a l  d e s i g n  
o f   t h e  FFT p r o c e s s o r .   I n   f a c t ,   f o r   g r o u n d   p r o c e s s i n g  
a genera l  purpose  computer  may b e  r e a d i l y  programmed t o  
p rov ide  FFT d a t a  a n a l y s i s .  
P r a c t i c a l  C o n s i d e r a t i o n s  
Successful employment of t h e  FFT r equ i r e s  an  unde r -  
s t and ing  o f  some o f  t h e  p r o p e r t i e s  a n d  l i m i t a t i o n s  o f  t h e  
technique.   Unless  some of t h e   i m p o r t a n t   f i n e   p o i n t s   o f  
t h i s  a p p r o a c h  are u n d e r s t o o d ,  t h e r e  i s  a s t rong  pos-  
s i b i l i t y  t h a t  e r r o n e o u s  i n t e r p r e t a t i o n s  a n d  i n v a l i d  
answers  can  r e su l t .  
F i r s t  of a l l ,  it is  imposs ib l e  t o  o b t a i n  a t r u e  
F o u r i e r  r e p r e s e n t a t i o n  i n  t h e  s t r ic tes t  s e n s e  u n l e s s  t h e  
n a t u r e   o f   t h e  t i m e  s i g n a l  i s  known f o r  a l l  t i m e .  Obviously,  
t h i s  i s  comple te ly  imposs ib le  €or  any  meaningfu l  s igna l  
i n  which measurement is  d e s i r e d ,  a n d  t h e  b e s t  t h a t  c a n  b e  
done i s  t o  de termine  a F o u r i e r  r e p r e s e n t a t i o n  t h a t  is  
v a l i d   o v e r  a reasonable   segment  of t i m e .  Th i s   sugges t s  
t h e  c o n c e p t  t h a t  r e p e a t e d  F o u r i e r  a n a l y s e s  c a n  b e  made on 
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s u c c e s s i v e  r e c o r d s  o f  t h e  s i g n a l  w i t h  t h e  i n t e n t  t h a t  
e a c h  a n a l y s i s  s h o u l d  r e p r e s e n t  t h e  s p e c t r u m  o f  t h a t  
segment .   The   longer   tha t  a g i v e n   r e c o r d  i s  made, t h e  
f i n e r  is  t h e  r e s o l u t i o n  b e t w e e n  s u c c e s s i v e  f r e q u e n c i e s  
as sugges t ed   by   equa t ion  (87). However, as t h e   r e c o r d  
l e n g t h  i s  i n c r e a s e d ,  e i t h e r  t h e  number o f  s ample  po in t s  
mus t  b e  i n c r e a s e d  f o r  e q u a l  s p a c i n g  b e t w e e n  time samples ,  
or t he  spac ing  be tween  t i m e  sample must be i n c r e a s e d  
i f  t h e  number  of   points  i s  f i x e d .  I f  t h e  l a t t e r  pos- 
s i b i l i t y  is  chosen ,  t he  h ighes t  f r equency  a t  which  the 
spec t rum can  be  ca l cu la t ed  i s  reduced as t h e  r e c o r d  
l e n g t h  i s  i n c r e a s e d  as can be seen  by e q u a t i o n  ( 9 8 ) .  
Thus ,  t he re  i s  a t r adeof f  be tween  the  r e so lu t ion  be tween  
success ive  f r equenc ie s  and  the  maximum f requency  a t  which 
t h e  s p e c t r u m  i s  d e s i r e d .  
A c t u a l l y ,  i f  it i s  e x p e c t e d  t h a t  t h e  s p e c t r u m  i s  
going  t o  c h a n g e  q u i t e  r a p i d l y ,  i t  is  d e s i r a b l e  t o  keep 
t h e  r e c o r d  l e n g t h  r e l a t i v e l y  s h o r t  i f  t h e  r e s o l u t i o n  re- 
qui rements   can  be m e t .  Otherwise   sudden   changes   in   the  
in fo rma t ion  be ing  sough t  w i l l  go undetected,  which could 
b e  d i s a s t r o u s  i n  some s i t u a t i o n s ,  e . g .  Doppler   radar  
v e l o c i t y   m e a s u r e m e n t s   w i t h   r a p i d   a c c e l e r a t i o n .   I n   g e n e r a l ,  
most o f  t h e  classical  e s t a b l i s h e d  c o n c e p t s  o f  s p e c t r a l  
a n a l y s i s  h o l d  €or t h e  FFT method as long as t h e  a p p r o p r i a t e  
s p e c i a l   c o n d i t i o n s  are cons ide red .  A classic source   o f  
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i n f o r m a t i o n  o n  s p e c t r a l  a n a l y s i s  is  t h e  work by Blackman 
and  Tukey ( r e f .  1 0 )  . 
The de termina t ion  of t h e  optimum record l e n g t h ,  
sampling r a t e ,  e t c . ,  i s  a very  complex  problem  which  must 
b e  c a r e f u l l y  s t u d i e d  i n  v i e w  of t h e  n a t u r e  o f  t h e  s p e c t r u m  
a n d   t h e   d e s i r e d   a c c u r a c y   r e q u i r e m e n t s .  A s  a s t a r t i n g  
p o i n t  t h e  r e l a t i o n s h i p  b e t w e e n  t h e  f r e q u e n c y  r e s o l u t i o n  
F ,  the  Nyquis t  f requency  Fn , and the  number of  samples  
N should  be  observed .  
FN = 2Fn 
From t h i s  e q u a t i o n ,  a n y  o n e  o f  t h e  t h r e e  q u a n t i t i e s  may 
be determined i f  t h e  o t h e r  two a re  known.  Once t h e  t h r e e  
q u a n t i t i e s  are s p e c i f i e d ,  t h e  r e c o r d  l e n g t h  T 
time T are de te rmined  f rom the  equa t ions  
P 
Tp = 1 
F 
T = L  
2Fn 
The d i s c u s s i o n  of t h e  p r e c e d i n g  p a r a g r a p h  
decep t ive ly   s imp le .  However, t h e r e  are  s u b t l e  
t h a t  may a r i se  t h a t  c o u l d  o b s c u r e  t h e  v a l i d i t y  
and sample 
seems 
d i f f i c u l t i e s  
of t h e  
measurement. I n  o r d e r  t o  b e s t  e x p l a i n  t h e  phenomena i n -  
v o l v e d ,   r e f e r   t o   F i g .  4 .  The t i m e  s i g n a l  i s  assumed t o  
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b e  a p u r e  s i n u s o i d  r u n n i n g  from -m t o  +m as sugges ted  
i n  ( a ) .  The idea l  spectrum i s  a p a i r  o f  l i n e s  as shown 
i n  (b) . The  waveform t h a t  is a c t u a l l y   t r a n s f o r m e d  i s  
t h e  g a t e d  s i n u s o i d  shown i n  (c). The  spectrum i s  t h e  
convolu t ion  of t h e  l i n e s  o f  (b )  and t h e  spectrum o f  a 
pu l se - type  wavefo rm,  r e su l t i ng  in  the  mod i f i ed  spectrum 
shown i n  ( d ) .   F u r t h e r m o r e ,   s i n c e   t h e  t i m e  s i g n a l  i s  
sampled as shown i n  ( e ) ,  the  spec t rum must  be p e r i o d i c  
as shown i n   ( f ) .   F i n a l l y ,   s i n c e   t h e   r e p r e s e n t a t i o n  i s  
i n  f a c t  a p e r i o d i c  time domain r e p r e s e n t a t i o n  w i t h  N 
terms or a p e r i o d  T i n  t h e  time domain as shown i n  (9 )  , 
t he  spec t rum i s  d e f i n e d  o n l y  a t  d iscrete  f r e q u e n c i e s  as 
shown i n  ( h )  . A l t h o u g h   t h e   d i s t o r t i o n s   a r i s i n g   w i t h   t h e  
s i n u s o i d  are  perhaps  exaggera ted  as  compared with many 
w a v e f o r m s ,  t h e  f a c t  r e m a i n s  t h a t  care must  be  taken i n  
P 
p r o c e s s i n g  a s i g n a l  w i t h  t h i s  a p p r o a c h .  
B e r g l a n d   ( r e f .  8 )  c o n s i d e r e d   s e v e r a l   d i f f i c u l t i e s  
t h a t  may a r i s e  f rom incor rec t  use  and  misunders tanding  
o f   t h e  FFT.  The  two  most s i g n i f i c a n t  d i f f i c u l t i e s  p e r t i n e n t  
t o  t h i s  i n v e s t i g a t i o n  are  a l i a s i n g  a n d  l e a k a g e .  
The a l i a s i n g  e f f e c t  r e s u l t s  when t h e  s a m p l i n g  r a t e  
i s  too   l ow.   Cons ide r ing   F ig .   4 f ,   i f   t he   s ampl ing  r a t e  i s  
less t h a n  twice t h e  h i g h e s t  f r e q u e n c y  i n  t h e  s p e c t r u m ,  
some p o r t i o n  o f  t h e  t r a n s l a t e d  s p e c t r u m  w i l l  o v e r l a p  t h e  
o r ig ina l  spec t rum,  thus  mak ing  i t  imposs ib le  t o  r e c o v e r  
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or  measu re   t he   ac tua l   spec t rum.   Be fo re   a t t empt ing  t o  
u s e  t h e  FFT concept ,  it i s  necessa ry  t o  c a r e f u l l y  s t u d y  
t h e  q u a l i t a t i v e  c h a r a c t e r i s t i c s  o f  t h e  g i v e n  s i g n a l  t o  
make s u r e  t h a t  t h e  s a m p l i n g  ra te  i s  s u f f i c i e n t l y  h i g h .  
I t  is  o f t e n  d e s i r a b l e  t o  p a s s  t h e  s i g n a l  t h r o u g h  a 
b a n d l i m i t i n g  f i l t e r  b e f o r e  t r a n s f o r m i n g  i t  i n  o r d e r  t o  
m i n i m i z e  a l i a s i n g  e f f e c t s .  
The l e a k a g e  e f f e c t  r e s u l t s  f r o m  t h e  f a c t  t h a t  t h e  
s i g n a l  i n  t h e  t i m e  domain  can  be  looked a t  o n l y  f o r  a 
f i n i t e  time. The t e r m  "window" i s  used t o  d e n o t e   t h e  
s h o r t  d u r a t i o n  p u l s e - t y p e  s i g n a l  w h i c h  c a n  b e  t h o u g h t  of 
as t u r n i n g  on a n d   o f f   t h e   o b s e r v e d   r e c o r d .   S i n c e   t h e  
r e s u l t i n g  s p e c t r u m  i s  t h e  c o n v o l u t i o n  of t h e  desired 
spec t rum and the  spec t rum of t h e  window f u n c t i o n ,  t h e r e  
i s  a subsequent  spreading  o r  ' ' l eakage"  of  the  spec t rum 
as can   be   obse rved   i n   F ig .  4d. Although  the  square-pulse  
i s  t h e  s i m p l e s t  t y p e  o f  window, i t  c a n  r e s u l t  i n  s i g n i f i c a n t  
l e a k a g e   i f  t h e  record l e n g t h  i s  q u i t e  s h o r t .  The  leakage 
problem can be reduced by choosing an optimum window 
f u n c t i o n  i n  t h e  t i m e  domain so t h a t  t h e  s i d e l o b e  e n e r g y  
i s  minimized.  This  problem was c o n s i d e r e d   i n  d e t a i l  by 
Blackman  and  Tukey ( r e f .  1 0 )  and more r e c e n t l y  by o t h e r s  
i n  c o n j u n c t i o n  w i t h  t h e  FFT method. 
52 
FFT Simulat ion Programs 
Two d i g i t a l  c o m p u t e r  p r o g r a m s  h a v e  b e e n  w r i t t e n  f o r  
computing  the FFT. These may be   thought   o f  as s i m u l a t i n g  
t h e  a p p r o x i m a t e  l o g i c  o r g a n i z a t i o n  i n  t y p i c a l  FFT s i g n a l  
p rocesso r s ,  a l t hough  no  a t t empt  w a s  made t o  "opt imize"  
t h i s  o r g a n i z a t i o n .  The  programs were w r i t t e n  i n  FORTRAN I V  
f o r  u s e  o n  t h e  IBM 1130 i n  t h e  S c h o o l  o f  E n g i n e e r i n g  a t  
Old  Dominion  Universi ty .   Both  programs  require   that   the  
i n p u t  s i g n a l  h a v e  a number  o f  po in t s  t ha t  i s  a n  i n t e g e r  
power of t w o .  However, t h e  p a r t i c u l a r  power of t w o  is 
a r b i t r a r y   a n d   c a n  be selected i n  a g iven  case. Unfortu- 
n a t e l y ,  s t o r a g e  l i m i t a t i o n s  o f  t h e  1130  computer   resu l ted  
i n  a maximum a r r a y  s i z e  of 256  €or t h e  d a t a  p r e s e n t e d  i n  
t h i s  r e p o r t .  I t  i s  f e l t  t h a t  by v e r y   c a r e f u l   a t t e n t i o n  
t o  s to rage  and  computa t ion ,  t h i s  va lue  cou ld  p robab ly  be  
doubled  on the given  machine.  For t h e  purpose of t h i s  
i n v e s t i g a t i o n , .  i t  w a s  ?o t  deemed n e c e s s a r y  t o  c o n c e n t r a t e  
any more e f f o r t  i n  t h i s  d i r e c t i o n  s i n c e  t h e  s t u d y  of 
s p e c t r a l  a n a l y s i s  o f  a 256  p o i n t  a r r a y  m i g h t  lead t o  some 
i n t e r e s t i n g  da ta  r ega rd ing  t h e  e f f e c t i v e n e s s  o f  a n a l y s i s  
w i th  a r e l a t i v e l y  small a r r a y .  
The f i r s t  program was designed around an " in-place" 
a l g o r i t h m  w i t h  t h e  i n p u t  a r r a n g e d  i n  n a t u r a l  o r d e r .  T h i s  
means t h a t  t h e  o u t p u t  d a t a  m u s t  b e  " u n s c r a m b l e d "  by f i n d -  
i n g  t h e  b i t - r eve r sed  addres ses  o f  t he  ou tpu t  componen t s .  
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A p p a r e n t l y ,  t h i s  i s  s t r a i g h t f o r w a r d  w i t h  l o g i c  c i r c u i t s  
o p e r a t i n g   i n   b i n a r y .  However, it was necessa ry  t o  
develop a s u b r o u t i n e  t o  p e r f o r m  t h i s  o p e r a t i o n  i n  
FORTRAN. The s u b r o u t i n e  i s  e n t i t l e d  I N R E V ( K , N L O G ) .  
The t r i g o n o m e t r i c  f u n c t i o n s  were computed and stored 
a t  the  beginning  of  the  program.  
The complete f i r s t  p rogram,  a long  wi th  the  Doppler  
s u b r o u t i n e ,  t h e  b i t - r e v e r s a l  s u b r o u t i n e ,  a n d  v a r i o u s  
p l o t t i n g   s u b r o u t i n e s ,  i s  shown i n  Appendix B.  Note t h a t  
a cons iderable  amount  of  th i s  program is  devoted  t o  v a r i o u s  
s c a l i n g  a n d  p l o t t i n g  i n s t r u c t i o n s  t o  p r o v i d e  s u i t a b l e  
o u t p u t   d i s p l a y s .  The FFT computa t iona l   a lgor i thm  occurs  
be tween the  s ta tement  IN-PLACE  FFT ALGORITHM R E Q U T R I N G  
BIT-REVERSAL and  the  s t a t emen t  END OF IN-PLACE FFT 
ALGORITHM. 
The second program w a s  des igned  around an  a lgor i thm 
p e r m i t t i n g  n a t u r a l  o r d e r  f o r  b o t h  i n p u t  a n d  o u t p u t  d a t a ,  
t h u s  e l i m i n a t i n g  t h e  n e e d  f o r  e i t h e r  " s c r a m b l i n g "  o r  
"unscrambling"  of  the  data.   However,  it w a s  necessa ry  t o  
i n c r e a s e  t h e  a m o u n t  o f  i n t e r n a l  storase s ince  "computa t ion  
i n  p l a c e "  i s  n o t   p o s s i b l e   w i t h   t h i s   a l g o r i t h m .   I n   o r d e r  
t o  k e e p  t h e  s t o r a g e  f o r  t h i s  p r o g r a m  t o  be comparable with 
t h a t  o f  t h e  f i r s t  p r o g r a m ,  i t  w a s  dec ided  t o  compute t h e  
t r i g o n o m e t r i c  v a l u e s  as they  are n e e d e d  r a t h e r  t h a n  store 
them. By p a y i n g   c a r e f u l   a t t e n t i o n  t o  t h e  l o g i c ,  it can 
54 
b e  d e t e r m i n e d  t h a t  t h e r e  are ra the r  l ong  segmen t s  of 
t h e  program i n  which  the  same t r i g o n o m e t r i c  f u n c t i o n s  
are r epea ted ly   u sed .   Consequen t ly ,   t he   ac tua l   computa -  
t i o n  t i m e  r e q u i r e d  t o  d e t e r m i n e  t h e  t r i g o n o m e t r i c  
f u n c t i o n s  as they  are needed i s  approximately twice t h e  
time r e q u i r e d  t o  compute them once and store them. 
The FFT a l g o r i t h m  p o r t i o n  of the  second  program 
i s  shown i n  Appendix C.  The remainder  of the  program is  
e s s e n t i a l l y  t h e  same as the program of Appendix B w i t h  t h e  
e x c e p t i o n s  t h a t  t h e  s u b r o u t i n e  I N R E V ( K , N L O G )  i s  omitted 
a n d  t h e  D I M E N S I O N  c a r d  w i l l  r e p l a c e  WR and W I  w i t h  XR 
and X I .  The in s t ruc t ions   o f   Append ix  C r e p l a c e  t h e  FFT 
a l g o r i t h m  o v e r  t h e  limits d e s c r i b e d  i n  a p reced ing  pa ra -  
g r a p h .   S i n c e   b o t h   p r o g r a m s   p r o d u c e   i d e n t i c a l   r e s u l t s ,  
i t  w i l l  n o t  b e  n e c e s s a r y  i n  s u b s e q u e n t  d i s c u s s i o n s  t o  
refer to  e i t h e r  p r o g r a m  s p e c i f i c a l l y .  
Computat ion of  the FFT y i e l d s  t h e  complex spectrum 
d e f i n e d  by (104.). A more p e r t i n e n t  r e s u l t  f o r  app l i ca -  
t ion  in  Doppler  measurement  i s  t h e  power s p e c t s  denoted 
by S ( m ) .  The   power   spec t rum  def in i t ion   used  i s  g iven  by 
The o p e r a t i o n  o f  ( 1 1 4 )  i s  eas i ly   implemented   by   t ak ing  
t h e  sum of t h e  s q u a r e s  of t h e  r e a l  and  imaginary  par t s  of 
x(m) . 
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I 111 
S t a t i s t i c a l  E v a l u a t i o n  of the  Spec t rum 
A d i s c u s s i o n  of some of t h e  i m p o r t a n t  p r o p e r t i e s  of 
Doppler spectra w a s  p r e s e n t e d  i n  a n d  ear l ie r  p o r t i o n  of 
t h i s  r e p o r t .  From t h e   d i s c u s s i o n   t h e r e ,  it is  e v i d e n t  
t h a t  f o r  a n y  r e a l i z a b l e  s y s t e m ,  t h e r e  is  a c e r t a i n  amount 
of s ta t i s t ica l  ave rag ing  inhe ren t  i n  the  measu remen t  o f  
any   Doppler   spec t rum.   Tradi t iona l   f requency   t rackers  
a c c o m p l i s h  t h i s  g o a l ,  as b e s t  as can  be  done,  by lock ing  
i n  on some p e r t i n e n t  c h a r a c t e r i s t i c  o f  t h e  s p e c t r u m  a n d  
t r a c k i n g  it. 
With t h e  a p p l i c a t i o n  of t h e  FFT, t h e r e  i s  a complete 
" p i c t u r e "  o f  t h e  s p e c t r u m  a v a i l a b l e ,  a n d  s u b s e q u e n t  
p r o c e s s i n g  o f  t h e  d a t a  c a n  c e n t e r  a r o u n d  t h i s  f a c t .  
Al though there  i s  n o  u n i q u e  s t r a t e g y  t h a t  can be proposed 
a t  t h i s  p o i n t ,  o n e  c a n  make a r a t h e r  s t r o n g  a r g u m e n t  t o  
suppor t  t he  a s sumpt ion  tha t  some sort  of s t a t i s t i c a l  evalu-  
a t i o n  of the  spectrum  would  be most appropr i a t e .   Un les s  
some p a r t i c u l a r  c o r r e l a t i o n  b e t w e e n  t h e  s h a p e  o f  t h e  r e t u r n  
spec t rum and the  sur face- to-spacecraf t  geometry  can  be  
programmed, t h e  s t a t i s t i c a l  mean of the  spec t rum seems t o  
be   t he  most p e r t i n e n t  c h a r a c t e r i s t i c  t o  i d e n t i f y .   T h u s ,  
a l l  t he  componen t s  o f  t he  r e tu rn  s igna l  can  be  we igh ted ,  
and  the  adverse  e f f e c t  of some s i n g l e  s t r o n g  e r r o n e o u s  
component can be minimized. 
The assumption w i l l  be  made t h a t  t h e  power spectrum 
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S(m) s a t i s f i e s ,  i n  some s e n s e ,  a form of s ta t i s t ica l  
r e p r e s e n t a t i o n  o f  t h e  r e t u r n  s i g n a l  as f a r  as frequency 
i s  conce rned .   Th i s   a s sumpt ion   ce r t a in ly   appea r s  t o  be 
c o m p a t i b l e   w i t h   t h a t  of B e r g e r   ( r e f .  4 ) .  I t  i s  f i r s t  
necessary  t o  normal ize  S ( m )  so  t h a t  it q u a l i f i e s  as a 
l e g i t i m a t e   p r o b a b l i t y   d e n s i t y   f u n c t i o n .  The  normalizing 
q u a n t i t y  ST is computed from the summation 
N / 2 - 1  
0 
= C S ( m )  
A normalized power spectrum i s  then computed from 
L e t  iii r e p r e s e n t  t h e  l o c a t i o n  of t h e  mean component 
of   the   spec t rum.  From b a s i c  s t a t i s t i c a l  theo ry  it i s  
- N / 2 -  1 
m = C mSo (m) 
0 
The mean f r e q u e n c y  i n  the spectrum Y i s  then  g iven  by 
( 1 1 7 )  
Ano the r  quan t i ty  of i n t e r e s t  m i g h t  b e  t h e  s t a n d a r d  
i n t e g e r   d e v i a t i o n  Om. I t  i s  de termined   f rom  the   equat ion  
N / 2 - 1  
0 
am2 = c (m-iii) 'S ( m )  
0 
(119) 
The f r equency  s t anda rd  dev ia t ion  af i s  then  g iven  by 
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af = amF 
P o s s i b l e  FFT P rocesso r s  
Two schemes w i l l  b e  p r o p o s e d  f o r  u t i l i z i n g  t h e  FFT 
p rocesso r  i n  the  measu remen t  o f  Dopp le r  r e tu rn  s igna l s .  
The f i r s t  scheme is  an open-loop measurement whose es- 
s e n t i a l   f e a t u r e s  are shown i n   F i g .  5.  I t  i s  assumed t h a t  
t h e  RF s i g n a l  i s  f i r s t  t r a n s l a t e d  t h r o u g h  o n e  or  more ap- 
p r o p r i a t e  I F  channels  so  t h a t  t h e  s i g n a l  a p p e a r i n g  a t  t h e  
i n p u t  t o  t h e  p r o c e s s o r  h a s  a f r e q u e n c y  r a n g e  s u f f i c i e n t l y  
low t o  p e r m i t  real-time d i g i t a l  p r o c e s s i n g .  
A r e c o r d  o f  t h e  s i g n a l  i s  f i r s t  ob ta ined  by sampling 
a n d  s t o r i n g  u n t i l  t h e  r e q u i r e d  a r r a y  s i z e  i s  o b t a i n e d .  
From t h i s  s t a g e  t h e  d a t a  i s  f e d  t o  t h e  FFT p r o c e s s o r .  I f  
s t o r a g e  s p a c e  is  a t  a premium, i t  may be  necessa ry  t o  
a l te rna te ly   per form  record ing   and   computa t ion .   Dur ing  a 
r e c o r d i n g  p e r i o d  t h e  o u t p u t  d i s p l a y  w o u l d  s i m p l y  r e f l e c t  
t h e  r e s u l t s  o f  t h e  p r e v i o u s  c o m p u t a t i o n  p e r i o d ,  a n d  n o  
new resu l t s  cou ld   be   pe rmi t t ed   du r ing   t h i s   pe r iod .   Dur ing  
the  computa t ion  pe r iod ,  t he  a r r ay  ob ta ined  du r ing  the  re- 
cording per iod would be processed t o  y i e l d  u p d a t e d  v a l u e s .  
With t h i s  a p p r o a c h ,  c a r e f u l  a t t e n t i o n  w o u l d  h a v e  t o  b e  p a i d  
t o  t h e  o v e r a l l  s y s t e m  b e h a v i o r  e x p e c t e d  i n  o r d e r  t o  a v o i d  
p o s s i b l e  loss o f  i n fo rma t ion  due  to  t h e  " b l i n d "  p e r i o d s  
and   lag .   The   appropr ia te  estimates are obtained  f rom a 
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s t a t i s t i ca l  computa t ion  of  the  spec t rum as p rev ious ly  
d i scussed .  
I f  more storage space  i s  p e r m i t t e d ,  it i s  p o s s i b l e  
to   s imul taneous ly   record   and   compute .   In   th i s   manner ,  
a l l  o f  t h e  p o t e n t i a l l y  a v a i l a b l e  s a m p l e s  are u t i l i z e d ;  
whereas ,  i f  s epa ra t e  r eco rd  and  compute  pe r iods  are used ,  
h a l f  of t h e   a v a i l a b l e   s a m p l e s  w i l l  never   be  used.  How- 
e v e r ,  w i t h  e i t h e r  a p p r o a c h ,  t h e r e  i s  always a de l ay  
invo lved   be fo re  a g iven   a r r ay   can   be   p rocessed .   Th i s  
i s  t r u e  r e g a r d l e s s  of the  type  of  sys tem employed ,  s ince  
any bandlimited measurement cannot be made i n s t a n t a n e o u s l y .  
The  second  scheme t h a t  w i l l  be proposed i s  a c losed-  
loop measurement whose basic form i s  shown i n  F i g .  6 .  
T h i s  f i g u r e  s h o u l d  b e  i n t e r p r e t e d  m e r e l y  a s  a n  explana-  
t i on  gu ide ,  s ince  an  ac tua l  sys t em employ ing  such  an  
approach  migh t  r equ i r e  quadra tu re  channe l s  o r  more  complex 
i n t e r a c t i o n   w i t h   t h e   r e m a i n d e r   o f   t h e   s y s t e m .   T h i s   s y s t e m  
h a s  t h e  a d v a n t a g e  t h a t  i t  is  always performing a spectrum 
a n a l y s i s  o f  a . l o w - p a s s  s i g n a l ,  s i n c e  t h e  d e s i r a b l e  p a r t  
of t h e  e r r o r  s p e c t r u m  a t  t h e  o u t p u t  o f  t h e  m u l t i p l i e r  i s  
low-pass i n  n a t u r e .  ( I t  may be   necessa ry  t o  employ a band- 
r e j e c t i o n  f i l t e r  h e r e  as w a s  c o n s i d e r e d  i n  a n  e a r l i e r  
s e c t i o n  i n  c o n j u n c t i o n  w i t h  t h e  d i g i t a l  p h a s e - l o c k e d  l o o p . )  
Consequent ly ,  a more e f f i c i e n t  FFT a lgor i thm can  probably  
be  implemented. 
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The estimates a t  t h e  o u t p u t  of t h e  s t a t i s t i ca l  
a n a l y z e r  are used t o  b i a s  a VCO which  mixes  wi th  the  
inpu t   s amples .   Thus ,   t he   supe r io r   c lo sed - loop   ope ra t ion  
of t r a d i t i o n a l  a n a l o g  f r e q u e n c y  t r a c k e r s  c o u l d  c o n -  
c e i v a b l y  b e  a p p l i e d  t o  t h e  FFT p r o c e s s o r .  
Resu l t s  of Simula t ion  
The FFT program previous ly  descr ibed  was used t o  
s t u d y  c e r t a i n  a s p e c t s  of the open-loop measurement scheme 
s u g g e s t e d   i n   t h e   p r e v i o u s   s e c t i o n .  A b a s i c  s t a t i s t i c a l  
a n a l y s i s  r o u t i n e  was u s e d  i n  t h e  FFT program t o  de termine  
t h e  mean and   s t anda rd   dev ia t ion .  The time and  frequency 
€ u n c t i o n s  f o r  c e r t a i n  c a s e s  were p l o t t e d  w i t h  t h e  IBM 
1 6 2 7  P l o t t e r  a s  shown i n  F i g u r e s  7 through 2 2 .  F o r   p l o t -  
t i n g  p u r p o s e s ,  t h e  power spectrum i n  e a c h  case w a s  
normalized so t h a t  t h e  maximum va lue  i s  u n i t y .  The per-  
centage  bandwidth (BW) as d e f i n e d   i n   e q u a t i o n  ( 1 4 )  was 
p r i n t e d  on t h e  time p l o t ,  a n d  t h e  computed mean v a l u e  was 
a l s o  p r i n t e d  on t h e  f r e q u e n c y  p l o t .  
I t  w i l l  b e  o b s e r v e d  t h a t  on some of t h e  p l o t s ,  v a l u e s  
f o r  BW and MEAN have been typed over t he  v a l u e s  o r i g i n a l l y  
p r i n t e d .  The r e a s o n   f o r   t h i s  is  t h a t   t h e   f i r s t   i n s t r u c t i o n s  
t o  t h e  p l o t t e r  were made t o  p r i n t  t h e  r e s u l t s  i n  f i x e d -  
p o i n t   a r i t h m e t i c .  Due t o  r o u n d o f f   i n   p r i n t i n g   t h e s e  
q u a n t i t i e s  on t h e  t i m e  p l o t s  a n d  t h e  s u b s e q u e n t  d e s i r e  t o  
p r i n t  more a c c u r a t e  r e s u l t s  o n  t h e  f r e q u e n c y  p l o t s ,  i t  w a s  
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l a t e r  dec ided  t o  t a k e  v a l u e s  f r o m  t h e  p r i n t o u t s  a n d  t y p e  
more a c c u r a t e   v a l u e s  on t h e  p l o t s .  I n  case t h e r e  is  a 
m i s u n d e r s t a n d i n g  o f  t h e s e  p o i n t s ,  t h e  a c t u a l  d a t a  p l o t t e d  
is  correct; o n l y  t h e  o r i g i n a l  l a b e l s  i n  some cases were 
mis leading  due  t o  roundoff  n o t  t a k e n  i n t o  c o n s i d e r a t i o n  
i n  p rogramming   on ly   t he   l e t t e r ing  t o  t h e  p lo t te r .  Th i s  
d i sc repancy  w a s  amended d u r i n g  t h e  p l o t t i n g  so t h a t  some 
o f  t h e  curves were l a b e l e d  b y  t h e  p l o t t e r  as d e s i r e d .  
I n  v i e w  o f  t h e  f a c t  t h a t  t h e  s i m u l a t i o n  w a s  n o t  
per formed in  any  real-time sense ,  bu t  s imply  wi th  a set  
o f  r e l a t i v e  parameters t h a t  c o u l d  r e p r e s e n t  any  appro- 
p r i a t e  scale,  i t  seemed d e s i r a b l e  t o  employ a normalized 
scale t h a t  w a s  n o t  a s s o c i a t e d  w i t h  a n y  p a r t i c u l a r  t i m e  
o r  f r equency   un i t s .  The terms T i m e  Integer   and  Frequency 
l n t e g e r  seemed t o  be most logical.  A g i v e n  u n i t  o n  t h e  
scale r e p r e s e n t s  a d i f f e r e n t   s a m p l e   p o i n t .  The d a t a   t a k e n  
w a s  based  on N=256, a n d ,  t h u s ,  t h e  t i m e  i n t e g e r  scale 
r e p r e s e n t s   t h e  256 p o i n t s   o b t a i n e d   i n  a g iven   r eco rd .  To 
enhance t h e  p r e s e n t a t i o n ,  t h e  p l o t t e r  w a s  i n s t r u c t e d  t o  
e x t r a p o l a t e  l i n e s  b e t w e e n  s u c c e s s i v e  p o i n t s .  
On t h e  f r e q u e n c y  i n t e g e r  scale,  a g i v e n  u n i t  c o r r e s p o n d s  
t o  a p a r t i c u l a r  m u l t i p l e  o f  the fundamental  frequency F. 
S i n c e  t h e  spectrum i s  ambiguous  above N/2, only 128 samples  
are a c t u a l l y  shown i n  e a c h  p l o t .  I f  any   g iven   va lues   fo r  
t h e  time scale were s p e c i f i e d ,  it would be a s imple  matter 
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t o  compute   the   appropr ia te   . f requency   va lues .  As long  as 
the  no rma l i zed  scales are  employed ,  the  cor respondence  
between a g iven  pe r iod  and  a g iven  f requency  may be  
determined i n  i n t e g e r  form. L e t  Nt=number  of t i m e  sample 
p o i n t s  c o r r e s p o n d i n g  t o  some r e f e r e n c e  p e r i o d ,  a n d  l e t  
Nf=number  of  f requency  in teger  loca t ion  cor responding  to  
t h e  t i m e  i n t e g e r  p e r i o d .  I t  can  be shown t h a t ,  i n  g e n e r a l ,  
Nf i s  g iven  by 
N f  = 
N t  
F o r  t h e  256 p o i n t  s y s t e m ,  t h i s  i s  
N f  q-" 
= 256 
The r e s u l t s  o f  a s s u m i n g  p u r e  s i n u s o i d a l  r e t u r n s  are 
shown i n   F i g u r e s  7 th rough 1 2 .  ( N o t i c e   t h a t   h i g h e r   f r e -  
quency time p l o t s  d o  n o t  a l w a y s  l o o k  l i k e  s i n u s o i d s  d u e  
t o  t h e  t y p e  o f  e x t r a p o l a t i o n  e m p l o y e d  o n  t h e  p l o t t e r . )  
Le t t i ng  Nt=per iod  in t ege r  a s  p rev ious ly  d i scussed ,  t hese  
c u r v e s   r e p r e s e n t   t h e   f o l l o w i n g   v a l u e s   f o r  N t :  1 6 ,  8 ,  4 ,  
2 0 ,  1 0 ,  5.  The co r re spond ing   expec ted   va lues   fo r  N are 
as fo l lows :  1 6 ,  32, 6 4 ,  12.8,  2 5 . 6 ,  51 .2 .   Observe   tha t  
t h e  e x p e c t e d  v a l u e s  f o r  t h e  f i r s t  t h r e e  cases o c c u r  e x a c t l y  
a t  i n t e g e r   f r e q u e n c y   v a l u e s .  A l s o ,  s i n c e  a s q u a r e  window 
f u n c t i o n  was employed, the z e r o  c r o s s i n g s  o f  t h e  s p e c t r u m  
f 
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o f  t h e  window are a t  in t ege r  d i sp l acemen t s  f rom the  ma in  
lobe .  The r e s u l t i n g  s p e c t r a  t h u s  a p p e a r  t o  be single 
l i n e  spectra as o b s e r v e d   i n   F i g u r e s  7,  8, and 9. Looking 
a t  it f r o m  a n o t h e r  p o i n t  o f  v i e w ,  t h e s e  t h r e e  s i n u s o i d s  
i n  t h e  t i m e  domains each have been chosen t o  have an 
i n t e g e r  number  of  cycles.  Whenever t h i s  s i t u a t i o n  exis ts ,  
the  spec t rum w i l l  appear  t o  be a s i n g l e  l i n e ,  e v e n  t h o u g h  
t h e r e  i s  a c t u a l l y  some leakage  as p rev ious ly  no ted .  
N e i t h e r  o f  t h e  t h r e e  s i n u s o i d s  o f  F i g u r e s  1 0 ,  11, 
and 1 2  have  an  in t ege r  number  of c y c l e s  i n  t h e  t i m e  domain 
i n t e r v a l ,  a n d  t h e i r  c o r r e s p o n d i n g  f r e q u e n c y  v a l u e s  d o  n o t  
occur  a t  t h e  p r o p e r  i n t e g e r  v a l u e s  as p r e v i o u s l y  c a l c u l a t e d .  
T h u s ,  t h e  l e a k a g e  e f f e c t  c a n  b e  r e a d i l y  o b s e r v e d  f r o m  t h e  
f igu res .   Th i s   l eakage   cou ld   be   r educed  by choosing an 
a p p r o p r i a t e  window f u n c t i o n .  The e f f e c t   o f   t h e   l e a k a g e  
on t h e  mean frequency measurements is  t o  i n t r o d u c e  s l i g h t  
errors as can  be  observed  f rom the  da ta .  
Typ ica l  s igna l s  ob ta ined  f rom the  Dopp le r  s imula t ion  
p rograms  and  the i r  co r re spond ing  spec t r a  are shown i n  
F igu res   13   t h rough  22. The s i g n a l s  of F igu res   13   t h rough  
17 were g e n e r a t e d  w i t h  8 p o i n t s  p e r  c y c l e  m e a s u r e d  a t  t h e  
c e n t e r  of t h e   D o p p l e r   s p e c t r a .   T h i s  is  e q u i v a l e n t  t o  
sampling a t  4 times t h e  N y q u i s t  ra te  a t  band-center .  The 
"correct" mean f r e q u e n c y  i n t e g e r  f o r  t h i s  case i s  32.  The 
a c t u a l  computed means vary from 35.52 a t  20% bandwidth t o  
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32.41 a t  1% bandwid th .  The  h ighe r  t r end  in  these  va lues  
is expec ted  due  t o  t h e  skewed na tu re  o f  t he  band-pass  
f i l t e r  u s e d  t o  genera te   the   Doppler .   Thus ,  it is  
p r o b a b l y  n o t  s t r i c t l y  correct t o  r e f e r  t o  t h e  mean f r e -  
quency   i n t ege r  a6 be ing  32. Ra the r ,   t he   p rog ram i s  
apparent ly  computing a more correct mean f r e q u e n c y  i n t e g e r .  
The v a l u e  o f  32 s imply  cor responds  t o  t h e  s o - c a l l e d  c e n t e r  
f r e q u e n c y  o f  t h e  r e s o n a n t  c u r v e .  
The s i g n a l s  of F igu res  18  th rough  22 were g e n e r a t e d  
w i t h  4 po in t s  pe r  cyc le  measu red  a t  t h e  c e n t e r  o f  t h e  
s p e c t r a .   T h i s  is e q u i v a l e n t  t o  s a m p l i n g   a t  twice t h e  
Nyquist  r a te  a t  b a n d - c e n t e r .   I n   t h i s  case, t h e   c e n t e r  
f r e q u e n c y   i n t e g e r  i s  6 4 .  The actual   computed  means  vary 
from  64.18 a t  20%  bandwidth t o  64.39 a t  2% bandwidth.  
Some o f  t h e  t r e n d s  h e r e  are i n  t h e  o p p o s i t e  s e n s e  f r o m  
what was o r i g i n a l l y  e x p e c t e d .  I n  f a c t  a l l  o f   t h e   r u n s  
y i e l d  v e r y  close correspondence between predicted and 
computed values.  
The r e a s o n  f o r  t h i s  phenomena is d u e  t o  t h e  warping 
b e h a v i o r  o f  t h e  b i l i n e a r  t r a n s f o r m a t i o n  a t  h a l f  t h e  N y q u i s t  
f requency.  The t a n g e n t   c u r v e ,   p r o v i d i n g  a r e l a t i o n s h i p  
be tween ana log  and  d ig i ta l  f requency  curves ,  i s  s u f f i c i e n t l y  
c u r v e d  i n  t h i s  f r e q u e n c y  r a n g e  t o  a l m o s t  c a n c e l  t h e  e f f e c t s  
o f   t h e   o r i g i n a l  skewed spec t r a .   Thus ,  t h e  a c t u a l  s p e c t r a  
are very close t o  b e i n g  a r i t h m e t i c a l l y  s y m m e t r i c a l ,  a n d  
t h e  a d d i t i o n a l  a r e a  a t  l a r g e r  b a n d w i d t h s  t e n d s  t o  i m p r o v e  
the symmetry i n  some c a s e s .  
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SUMMARY AND SUGGESTED STUDIES 
Summary 
Inves t iga t ions  have  been  made conce rn ing  bo th  the  
d i g i t a l  s i m u l a t i o n  of Doppler  analog altimeter measure- 
men t  sys t ems  and  the  poss ib l e  d ig i t a l  imp lemen ta t ion  o f  
on-board   sys tems.   S imula ted   Doppler   spec t ra  were gene ra t ed  
on the computer  and used in  subsequent  measurement  s tudies .  
The  s imula t ion  and  poss ib l e  imp lemen ta t ion  o f  d ig i t a l  
phase- locked  loop  f requency  t rackers  was f i r s t  i n v e s t i g a t e d .  
T h i s  was fo l lowed by a s t u d y  o f  t h e  p o s s i b l e  u s e  of t h e  
Fast Four ie r  Transform method for  rea l - t ime altimeter 
s igna l   p rocess ing .   Var ious   conc lus ions   and  comments 
p e r t i n e n t  t o  t h e s e  i n d i v i d u a l  i n v e s t i g a t i o n s  h a v e  b e e n  
made a t  a p p r o p r i a t e  p l a c e s  i n  t h i s  r e p o r t .  
As i s  t r u e  w i t h  many i n v e s t i g a t i o n s ,  t h e r e  are o f t e n  
more new q u e s t i o n s  r a i s e d  t h a n  t h e r e  a r e  o l d  q u e s t i o n s  
a n s w e r e d .   I n   t h e   r e m a i n d e r   o f   t h i s   r e p o r t ,   a n   a t t e m p t  
w i l l  be  made t o  p o s e  c e r t a i n  q u e s t i o n s  t h a t  were g e n e r a t e d ,  
b u t  were n o t  p u r s u e d  i n  d e p t h  d u e  t o  t h e  l i m i t e d  s c o p e  
of t h e  o v e r a l l  i n v e s t i g a t i o n .  I t  i s  f e l t  t h a t  e a c h  t o p i c  
i s  p robab ly  wor thy  o f  fu r the r  s tudy .  
F u r t h e r  Doppler S imula t ion  
A l l  t h e  p r o g r a m s  u s e d  i n  t h e  D o p p l e r  s i m u l a t i o n  were 
b a s e d  o n  t h e  s e c o n d - o r d e r  a n a l o g  f i l t e r  f u n c t i o n  d e s c r i b e d  
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i n  t h e  r e p o r t .  I t  i . sug5:ested t h a t  more s tudy  be made 
to  deve lop  p rograms  : . h a t  would s imulate  a more g e n e r a l  
s i t u a t i o n  t h a n  was F ‘ . ’ s s ib l e  wi th  the  func t ions  used .  
E a r l y  i n  t h i . s  s t u d y ,  some s p e c i a l  b a n d - p a s s  t r a n s f e r  
func t ions  having  approximate  Gauss ian  f requency  response  
were cons ide red  for u s e  i n  r e p r e s e n t i n g  c e r t a i n  t y p e s  
o f   s p e c t r a .   T h e s e   f u n c t i o n s  were p rev ious ly   deve loped  
by t h e  p r i n c i p a l  i n v e s t i g a t o r  i n  c o n j u n c t i o n  w i t h  an 
i n d u s t r i a l   i n v e s t i g a t i o n .  Due t o  lack  of  time, t h e s e  
f u n c t i o n s  were n e v e r   a p p l i e d  t o  t h e   p r e s e n t   s t u d y .  An 
e n t i r e l y  d i f f e r e n t  a p p r o a c h  t o  t h e  g e n e r a t i o n  o f  G a u s s i a n  
s h a p e d  s p e c t r a  w a s  developed by  Matthews ( r e f .  4 5 ) .  
The development of a more gene ra l  Dopp le r  s imula t ion  
program should be aimed a t  e s t a b l i s h i n g  a bet ter  cor- 
r e l a t i o n  o f  t h e  s p e c t r a l  c o m p o n e n t s  w i t h  t h e  g e o m e t r i c  
r e l a t i o n s h i p  of the  s p a c e c r a f t  t o  t h e  p l a n e t a r y  s u r f a c e .  
More w i l l  be s a i d  a b o u t  t h i s  p o i n t  l a t e r .  
D ig i t a l  F requency  Tracke r  
I n i t i a l  i n v e s t i g a t i o n s  of t h e  d i g i t a l  f r e q u e n c y  
t r a c k e r  c o n t a i n i n g  t h e  z e r o - c r o s s i n g  d e t e c t o r  showed 
d e f i n i t e  p r o m i s e ,  b u t  i t  w a s  n o t   p u r s u e d   i n   d e p t h .  The 
l a r g e s t  s i n g l e  d i f f i c u l t y  was due t o  t h e  ab rup tness  o f  
t h e  d i s c r e t e  error s i g n a l  c o u p l e d  w i t h  t h e  f a c t  t h a t  on ly  
a f i r s t - o r d e r  l o o p  f i l t e r  was employed .   Fu r the r   s tud ie s  
could  be made r e l a t i v e  t o  de te rmining  a h ighe r -o rde r  l oop  
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f i l t e r  t o  o p t i m a l l y  process t h e  error s i g n a l .  I t  i s  
also q u i t e  p o s s i b l e  t h a t  some of the  newer  e s t ima t ion  
t echn iques ,  such  as Kalman f i l t e r i n g ,  m i g h t  h a v e  p o t e n t i a l  
a p p l i c a t i o n  t o  t h i s  p r o b l e m .  
FFT P r o c e s s i n g  
The FFT m e t h o d  h a s  b e e n  i n i t i a l l y  e x p l o r e d  f o r  po- 
t e n t i a l  a p p l i c a t i o n  i n  Doppler s y s t e m s ,  b u t  t h e r e  i s  much 
y e t  t o  be answered before  a p rac t i ca l  imp lemen ta t ion  can  
be  achieved.   There are ques t ions   r ega rd ing   such   t h ings  
as t h e  minimum s i z e  o f  a n  a r r a y  n e e d e d ,  t h e  optimum reco rd  
l e n g t h  f o r  a g iven  type  of  measurement  and  the  optimum 
sampling rate.  The  performance  of t h e  s y s t e m  i n  t h e  
p re sence  of background  noise   should be s t u d i e d .  A s tudy  
of t h e  p a r t i c u l a r  s t a t i s t i c a l  m e t h o d  d e s c r i b e d  i n  t h e  
r e p o r t ,  a n d  p o s s i b l e  a l t e r n a t e  m e t h o d s  c o u l d  b e  made. 
Comparison of open-loop and closed-loop FFT methods would 
b e  d e s i r a b l e .  
B e f o r e  a n y  s p e c i f i c  FFT altimeter system i s  imple- 
mented, it i s  e x t r e m e l y  d e s i r a b l e  t h a t  a n  o v e r a l l  c o m p a r i -  
son be made between t h e  f r equency  t r acke r  concep t  and  the  
FFT concep t .   Th i s   s tudy   shou ld   t ake   i n to   cons ide ra t ion  
s u c h  f a c t o r s  as t h e  r e l a t i v e  a c c u r a c y ,  s p e e d  o f  r e s p o n s e ,  
behavior  under  worst-case c o n d i t i o n s ,  cost ,  and  amount 
of hardware   requi red .   Al though  there  are c e r t a i n  clear 
advantages t o  t h e  FFT c o n c e p t  i n  terms o f  t h e  t o t a l  
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i n f o r m a t i o n  o n  t h e  s p e c t r u m  p r o v i d e d ,  t h e r e  may be 
some d i f f i c u l t i e s  t h a t  are n o t  clear a t  t h i s  p o i n t .  
Walsh Transform Processing 
T h e r e  h a s  b e e n  i n c r e a s i n g  i n t e r e s t  r e c e n t l y  i n  t h e  
a p p l i c a t i o n  o f  Walsh Funct ions in  communicat ions s ignal  
a n a l y s i s  ( r e f .  39) . The  Walsh Func t ions  are a set  o f  
o r t h o g o n a l  f u n c t i o n s  composed only of square-wave seg- 
ments.  They are p a r t i c u l a r l y   c o n v e n i e n t   f o r   d i g i t a l  
i m p l e m e n t a t i o n  s i n c e  t h e y  may be thought  of  as a l t e r n a t e  
segments  of 1's and 0's i n  a b i n a r y   s e n s e .  A g iven  
f u n c t i o n  p o s s e s s i n g  " r e a s o n a b l e "  b e h a v i o r  c a n  be expanded 
i n  a Walsh series i n  much t h e  same way t h a t  a f u n c t i o n  i s  
expanded i n  a F o u r i e r  series. I t  a p p e a r s  t h a t  a Walsh 
expansion can be readi ly  implemented with a s p e c i a l -  
p u r p o s e  d i g i t a l  p r o c e s s o r .  
I n  o r d e r  f o r  t h e  Walsh f u n c t i o n s  t o  show p r o m i s e  i n  
Doppler  radar  altimeter s i g n a l  p r o c e s s i n g ,  i t  i s  necessa ry  
t h a t  c e r t a i n  s u i t a b l e  p r o p e r t i e s  of t h e  Walsh spectrum be 
d i r e c t l y  r e l a t e d  t o  t h e  a p p r o p r i a t e  p r o p e r t i e s  of an 
equiva len t  Four ie r  spec t rum in  which  the  Doppler  in forma-  
t i o n  i s  imbedded.  There are d e f i n i t e   c o m p u t a t i o n a l  re- 
l a t ionsh ips  be tween  a Walsh spectrum and a F o u r i e r  s p e c t r u m ,  
b u t  it i s  n o t  clear w h e t h e r  o r  n o t  t h e  a d d i t i o n a l  e f f o r t  
w o u l d   r e d u c e   t h e   o v e r a l l   e f f o r t   o r   n o t .  I t  is  d e f i n i t e l y  
f e l t  t h a t  s u c h  a n  i n v e s t i g a t i o n  i s  needed. 
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Cor re lg t iqn  . .  - ~ ~ .of Sur face  Geometry with  Spectrum 
One o f  t he  most s i g n i f i c a n t  s o u r c e s  o f  e r r o r  i n  
classical Doppler measurements i s  t h e  u n c e r t a i n t y  o f  t h e  
v e l o c i t y  components i n  t h e  case of a broad  spectrum. On 
the  o the r  hand ,  when t h e  FFT method i s  employed, a t o t a l  
p i c t u r e  of the spectrum is obtained.  I t  would seem t h a t  
t h e  most optimum approach for an FFT system would be t o  
u s e  t h i s  t o t a l  information as much as poss ib l e .  
A s s u m e  that  an ensemble of  spacecraf t - to-surface 
geomet r i ca l  conf igu ra t ions  expec ted  in  a given case i s  
a v a i l a b l e .  I f  a s u i t a b l e  b a c k s c a t t e r  model  of t h e  p l a n e t  
i s  employed, cer ta in  approximate  spec t ra l  re turn  shapes  
can   be   p red ic ted .   Cer ta in   key   proper t ies   o f   the   var ious  
spec t r a  can  be  stored i n  memory. When a g iven  ac tua l  
spectrum i s  measured it can  then  be  r e l a t ed  to  the  
" s t anda rd"   spec t r a   ava i l ab le .  By f inding  the  one  most  
c lose ly  approximat ing  the  measured  spec t rum,  cer ta in  ad- 
di t ional  information regarding the measurement  could be 
deduced. A more accurate  measurement  might be p o s s i b l e  
wi th  th i s  approach .  A s tudy  of th i s  concep t  shou ld  be 
coupled  wi th  the  s tudy  seeking  more genera l  s imula t ion  
programs for  Doppler  s ignals  previously discussed.  
69 
REFERENCES 
1. Andrews, H.:  A High-speed  Algorithm  for  the Computer 
Generation of Fourier   Transforms.  IEEE Trans. on 
Computers,  vol. C - 1 7 ,  April   1968,  pp.  373-375. 
2. Barton, D. K.: Radar  System  Analysis,  Prentice-Hall 
I n c . ,  1 9 6 4 .  
3 .  Bendat, J. S.: P r i n c i p l e s  and Appl ica t ions  of Random 
Noise  Theory.  John  Wiley  and  Sons,  Inc.,  1958. 
4. Berger,  F. B.: The Nature of Doppler  Velocity  Measure- 
ment. IRE Trans. on Aeronaut ical   and  Navigat ional  
E l e c t r o n i c s ,   v o l .  ANE-4, Sept.  1957,  pp.  103-112. 
5. Berger,  F. B.: The Design  of  Airborne  Doppler  Velocity 
Measuring  Systems. IRE Trans.  on  Aeronautical  and 
Naviga t iona l  Elec t ronics ,  vo l .  ANE-4, D e c .  1957,  pp. 
157-175. 
6.  Berger,  F. B . :  Application  of  Doppler  Techniques t o  
Space Navigat ion.   Navigat ion,   vol .  6 ,  no. 7 ,  Autumn 
1959,  pp.  460-464. 
7. Bergland, G. D.;  and Hale, H.  W . :  D i g i t a l  Real-Time 
Spec t ra l  Analys is ,  IEEE Trans. on Electronic Computers, 
vo l .  C-16,  A p r i l  1967,  pp.  180-185. 
8. Bergland, G. D.:  A Guided  Tour of t h e  F a s t  F o u r i e r  
Transform. IEEE Spectrum,  July 1 9 6 9 ,  pp. 41-52. 
9 .  Bice, P.  K.: Speed up the Fast  Fourier  Transform.  
Electronic  Design,  vol.   18,   no.  5 ,  A p r i l  26 ,  1970, 
pp. 66-69. 
70 
10. Blackman, R. B.; and Tukey, J. W.: - The Measurement of 
Pawer S p e c t r a .  Dover P u b l i c a t i o n s ,  Inc . ,  1959,  r e p r i n t e d  
from B e l l  Sys tem Technica l  Journa l ,  vol. 37, Jan. and 
March  19 5 8. 
11. Brigham, E. P.; and Morrow, R. E.: The F a s t   F o u r i e r   T r a n s -  
form. IEEE Spectrum, vol. 4 ,  no. 12 ,  Dec. 1967,  pp.  63-70. 
1 2 .  Bruce, J. D.: Discrete F o u r i e r  Transforms, Linear  F i l t e r s ,  
and  Spectrum  Weighting. IEEE Trans. on  Audio  and 
E l e c t r o a c o u s t i c s ,   v o l .  AU-16, no. 4 ,  D e c .  1968,  pp. 495-499. 
13.  Carney, R.: Design of a D i g i t a l  Notch F i l t e r  w i t h  T r a c k i n g  
Requirements. IEEE T r a n s .  on  Space  Electronics   and 
Telemetry,  Dec. 1963,  pp.  109-114. 
1 4 .  Chadwick, H. D . :  T i m e  Synchron iza t ion   i n   an  MFSK Receiver.  
JPL  Space Programs Summary 37-48,  vol. 111, pp.  252-263. 
15.  Chadwick, H. D. :  F requency   Acquis i t ion   in   an  MFSK Receiver.  
J P L  Space  Programs Summary 37-52, v o l .  111, pp.  239-247. 
1 6 .  Chadwick, H. D . :  Frequency  Tracking i n  an MFSK Receiver.  
J P L  Space  Programs Summary 37-57,  vol. 111, pp.  47-54. 
17.  Clapp, W. A.:. D i g i t a l  F i l t e r  B u i l d i n g  B l o c k s  f o r  LSI 
Teahhologies.  IEEE In te rna t iona l   Convent ion   Record ,  
March 1970,  pp.  182-183. 
18.  Cooke, C. H . :  An Enlarged Class of Fixed  Weight  Recursive 
Po lynomia l   F i l t e r s .  BTL Technica l  Memorandum no. 68-6414-10, 
Sept.  23,1968. 
71 
19.   Cooley,  J. W.; and  Tukey, J. W. :  An Algor i thm f o r  t h e  
Machine   Calcu la t ion  of Complex F o u r i e r  S e r i e s .  Mathe- 
matics of Computat ion,  vol. 19,   no.   90,  A p r i l  1965, 
pp.  297-301. 
20. Davis, A. C.: Dig i t a l  G e n e r a t i o n  of Low-Frequency S i n e  
Waves. IEEE Trans .   on   In s t rumen ta t ion   and   Measuremen t ,  
v o l .  IM-18, no. 2 ,  June  1969,  pp.  97-105. 
21.  Ehrman, L . :  A n a l y s i s  of a Zero-Crossing  Frequency D i s c r i m -  
i n a t o r   w i t h  Random I n p u t s .  IEEE Trans .   on   Aerospace  
and   Nav iga t iona l   E lec t ron ic s ,   June   1965 ,   pp .   113-119 .  
22.  F r i e d ,  W .  R . :  P r i n c i p l e s   a n d   P e r f o r m a n c e   A n a l y s i s  of 
Doppler Nav iga t ion   Sys t ems .  IRE T r a n s .   o n   A e r o n a u t i c a l  
a n d  N a v i g a t i o n a l  E l e c t r o n i c s ,  v o l .  ANE-4, Dec. 1957,  
pp.  176-196. 
23. F r i e d ,  W. R . :  Performance Prof i les  and   Fu tu re   Ou t look  
of Doppler   Naviga t ion   Sys tems.  IRE T r a n s .   o n   A e r o n a u t i c a l  
a n d   N a v i g a t i o n a l   E l e c t r o n i c s ,   v o i .  ANE-5, no. 4 ,  Dec. 1958,  
pp.  194-199. 
2 4 .  F r i e d ,  W .  R . :  An FM-CW Radar for Simultaneous  Three-  
D imen t iona l   Ve loc i ty   and   A l t i t ude   Measuremen t .  I E E E  Trans .  
o n  A e r o s p a c e  a n d  N a v i g a t i o n a l  E l e c t r o n i c s ,  March 1964, 
pp.  45-57. 
25 .  Glassman, J. A . :  A G e n e r a l i z a t i o n  of t h e   F a s t   F o u r i e r  
Transform.  IEEE Trans .   on   Computers ,   vo l .  C-19 ,  no.  2 ,  
Feb.  1970,  pp.  105-116. 
72 
26. Glegg, K.C.M.: A Low Noise CW Doppler  Technique. 
Proceedings of 1958 National Conference on Aeronautical 
Electronics, Dayton,  Ohio,  pp.  133-144. 
27. Gold, B.; and  Rader, C. M.: D ig i t a l   P rocess ing  of Signals .  
M c G r a w - H i l l  Book Co. ,  I nc . ,  1969.  
28. Gold, B.; and  Jordan, K.  L.: A Direct Search  Procedure 
f o r  Designing F i n i t e  Durat ion Impulse Response Fil ters.  
IEEE Trans. on Audio and Electroacoustics, vo l .  AU-17, 
no. 1, March 1969,  pp.  33-36. 
29. H e l m s ,  H .  D. :  Appl icat ion  of   Fast   Fourier   Transforms t o  
D i g i t a l  Filtering-NEREM  Convention  Record,  1968,  pp. 
220-221. 
30. Helms, H. D.: Nonrecur s ive   D ig i t a l   F i l t e r s :   Des ign  
Methods for  Achieving  Spec i f ica t ions  on Frequency 
Response. IEEE T r a n s .  on  Audio  and Electroacoustics, 
vo l .  AU-16, no.  3,  Sept.  1968,  pp. 336-342. 
31. Helms, H. D . :  Appl ica t ions  of D i g i t a l  Waveform Processing 
i n  Radars. IEEE International  Convention  Record, March 
1970,  pp.  180-181. 
32. Hsia, J. C.: A Techn ique   fo r   Syn thes i z ing   D ig i t a l   F i l t e r s .  
IEEE Trans.  on Instrumentation and Measurement, V o l .  IM-18, 
no. 2 ,  June  1969,  pp. 93-96. 
33. Jones, J. W.; and Caroll, C.  C.:  A Timed-Shared D i g i t a l  
F i l t e r   R e a l i z a t i o n .  IEEE Trans. on Computers,  vol. C-18, 
no. 11, Nov. 1969,  pp.  1027-1030. 
73 
34. 
35. 
36. 
37. 
38. 
39. 
40.  
41 .  
42 .  
43. 
Jury,  E .  I. : Sampled-Data Cont ro l  Systems.  John  Wiley 
and  Sons, Inc . ,  1958. 
Ju ry ,  E .  I.: Theory  and  Application of t h e  Z Transform "- 
Method. John  Wiley  and  Sons, Inc . ,  1 9 6 4 .  
KUO, B. C . :  Analysis  and Synthes is  - of Sampled-Data Control 
Systems.  Prentice-Hall ,   Inc. ,   1963. 
KUO,  F. F.;  and  Kaiser, J. F. ( e d i t o r s ) :  System  Analysis 
& D i g i t a l  Computer.  John  Wiley & Sons ,   Inc . ,  1 9 6 6 .  
(Chapt. 7 by Kaiser is  e n t i t l e d  " D i g i t a l  F i l t e r s . "  I t  
conta ins  an extensive b ib l iography st the  end . )  
Langenthal,  I. M.: Coe f f i c i en t   Sens i t i v i ty   and   Gene ra l i zed  
D i g i t a l  F i l t e r  S y n t h e s i s .  EMCON Convention Record, Sept. 
1968,  pp.  386-392. 
Lee, J. D.:  Review of  Recent Work on Applicat ions of  Walsh 
Functions i n  Communications. Symposium on Walsh Funct ions 
a t  Naval Research Laborator ies ,  March 1970.  (Contains 
ex tens ive   b ib l iography  on  Walsh func t ions .  1 
L e w i s ,  P. M. : Synthesis  of  Sampled-Signal  Networks. IRE 
Trans.   an C i r c u i t  Theory, vol .  CT-5, March 1958,  pp. 74-77. 
Lendorff ,  D. P . :  Theory - of Sampled-Data Control Systems. 
John Wiley and Sons, Inc., 1965.. 
Manske, R. A.: Computer Simulation  of Narrowband  Systems. 
IEEE Trans. on Computers,  vol. C-17 ,  no. 4 ,  Apri l   1968,  
pp.  301-308. 
Markel, J: D. :  Z Transform Applications Using Digital Computers. 
Electro-Technology,  vol.  82, no. 6 ,  Dec. 1968,  pp. 21-36. 
74 
4 4 .  
45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 
M a r t i n ,  M. A.: Frequency Domain A p p l i c a t i o n s  t o  Data 
P r o c e s s i n g .  IFtE T r a n s .   o n   S p a c e   E l e c t r o n i c s   a n d  T e l e m e t r y ,  
March  1959, pp. 33-41. 
Matthews,  S. B . :  G e n e r a t i o n  of Pseurandom Noise Having a 
G a u s s i a n   S p e c t r a l   D e n s i t y .  IEEE Trans .   on   Computers ,  
vol.  C-17, A p r i l   1 9 6 8 ,  pp. 382-385. 
Monroe, A. J.: D i g i t a l   P r o c e s s e s   f o r   S a m p l e d  Data Sys tems.  
John  Wi ley  and  Sons ,  Inc . ,  1962 .  
Ormsby, J. F. A . :  Design of Numerical F i l t e r s   w i t h  
A p p l i c a t i o n s  t o  Missile Data P r o c e s s i n g .   J o u r n a l  ACM, 
vol .  8 ,   no .   3 ,   Ju ly   1961,   pp .   440-466.  
P a p o u l i s ,  A.  : P r o b a b i l i t y  Random V a r i a b l e s ,   a n d   S t o c h a s t i c  
P r o c e s s e s ,  M c G r a w - H i l l  Book C o . ,  I n c . ,   1 9 6 5 .  
P a r z e n  E ,  : S t a t i s t i c a l  S p e c t r a l   A n a l y s i s   ( S i n g l e   C h a n n e l  
Case) i n   1 9 6 8 .   S t a n f o r d   U n i v e r s i t y   D e p t .  of S t a t i s t i c s  
T e c h n i c a l   R e p o r t  N o .  11, June   10 ,   1968.  
Pawula,  R.  F . :  A n a l y s i s   o f   a n  Estimator of t h e   C e n t e r  
Frequency   of  a Power  Spectrum. I E E E  T r a n s .   o n   I n f o r m a t i o n  
Theory ,  vo l .  I T - 1 4 ,  no .   5 ,   Sep t .   1968 ,  pp. 669-676. 
P r i c e ,  C .  F . :  S i g n a l   P r o c e s s i n g   i n  a S a t e l l i t e  Radar 
A l t i m e t e r .  MIT Exper imenta l   As t ronomy  Labora tory   Repor t  
no. RE-48,  Aug. 1968. 
P r o c e e d i n g s  o f  t h e  Symposium  on  Computer  Processing i n  
Communica t ions .   Po ly t echn ic  Press of t h e   P o l y t e c h n i c  
I n s t i t u t e  of Brook lyn ,   Apr i l   1965 ,   (Con ta ins   numerous  
p a p e r s  b y  v a r i o u s  a u t h o r s  d e a l l n g  w i t h  d i g i t a l  s i g n a l  
p r o c e s s i n g .  ) 
75 
53. 
54. 
55. 
56. 
57. 
58. 
59. 
60 .  
Rabiner, L. R.: A Design  Technique for Nonrecurs ive  
D i g i t a l   F i l t e r s .  IEEE In t e rna t iona l   Conven t ion  
Record, March 1970,  pp.  175-177. 
Rabiner ,  L. R. ; S c h a f e r  , R. W. ; ana Rader , C. M. : 
The Chirp 2-Transform Algorithm and i t s  A p p l i c a t i o n .  
B e l l  Sys tem  Technica l   Journa l ,   vo l .   48 ,  no. 5 ,  May- 
June  1969,  pp.  1249-1292. 
Ragazz in i ,  J. R.;  and   F rank l in ,  G.  F:  Sampled-Data 
Control  Systems. M c G r a w - H i l l  Book C o . ,  Inc . ,   1958.  
R a i n a l ,  A. J. :  Z e r o - C r o s s i n g   P r i n c i p l e   f o r   D e t e c t i n g  
Narrow-Band S i g n a l s .  IEEE Trans .   on   In s t rumen ta t ion  
and  Measurement,  vol. IM-15, no. 1 - 2 ,  March-June  1966, 
pp.  38-43. 
Randa l l ,  C.  M . :  Fa s t   Four i e r   T rans fo rm  fo r   Unequa l  
Number of   Input   and   Output   Poin ts .   Appl ied   Opt ics ,  
vol. 6,  no.  8, Aug. 1967,  pp.  1432-1433. 
Rhoads, R. L. and  Ekstrom, M. D . :  Removal  of I n t e r v e n i n g  
System  Distor t ion  by  Deconvolut ion.  IEEE Trans.   on 
Instrumentat ion  and  Measurement ,   vol .  IM-17, no. 4 ,  
Dec. 1968,  pp.  333-337. 
Sage, A. P.;  and  Smith, S.  L . :  Rea l -T ime  D i g i t a l   S i m u l a t i o n  
for   Sys tems  Cont ro l .  Proc. IEEE,  vol.   54,   no.  1 2 ,  Dec. 
1966,  pp.  1802-1812. 
S a l z e r ,  J. M.:  Frequency  Analysis   of   Digi ta l   Computers  
O p e r a t i n g   i n  Real Time.  Proc .  IRE, v o l .  4 2 ,  Feb. 1954, 
pp.  457-466. 
76 
61. 
62. 
63. 
64. 
65. 
66. 
67. 
68. 
69. 
Schetzen ,  M.: The Power D e n s i t y  S p e c t r w  of t h e  Echo 
from an Airborne  Doppler Radar. MIT I n s t r u m e n t a t i o n  
Laboratory, Report   no.  R-541,  March 1966. 
Shanks, J. L.: Computation of the Fast   Walsh-Fourier  
Transform. IEEE Trans.  on Computers, vol. C-18, May 
1969,  pp.  457-459. 
S h i v e l y ,  R. R.: A D i g i t a l  P r o c e s s o r  t o  Genera t e   Spec t r a  
i n  Real Time.  IEEE Trans.  on  Computers,  vol. C-17, 
no. 5 ,  May 1968,  pp.  485-491. 
S i n g l e t o n ,  R .  C.:  On Computing t h e  Fast Fourier   Transform.  
Communications  of  the ACM, vol. 1 0 ,  no. 1 0 ,  O c t .  1967, 
pp.  647-654. 
Sko ln ik ,  M. I . :  I n t r o d u c t i o n   t o  Radar Systems. M c G r a w - H i l l  
" 
Book Co. ,  Inc. ,   1962.  
S p e c i a l  I s s u e  o n  Fast Four ie r  Transform,  IEEE Trans.  on 
Aud io  and  E lec t roacous t i c s ,  vol. AU-15, no. 2 ,  June  1967 
(Conta ins  11 p a p e r s ) .  
S p e c i a l  I s s u e  o n  D i g i t a l  Fil ters,  IEEE Trans.  on Audio  and 
E l e c t r o a c o u s t i c s ,  vol. AU-16, no. 3,   Sept.   1968. 
(Con ta ins  13  pape r s )  . 
S p e c i a l  I s s u e  o n  F a s t  F o u r i e r  T r a n s f o r m ,  IEEE Trans .  on  
Audio and E l e c t r o a c o u s t i c s ,  vol. AU-17, no. 2 ,  June  1969. 
( C o n t a i n s  1 7  p a p e r s  i n c l u d i n g  a comprehens ive  b ib l iography) .  
S t e i g l i t z  K.: The  General   Theory  of   Digi ta l  Fil ters w i t h  
A p p l i c a t i o n s  t o  S p e c t r a l  A n a l y s i s .  AFOSR Report  no. 
64-1664, May 1963. 
77 
70. Swerling, P.: Es t imat ion  of Dopp le r   Sh i f t s  i n  Noise 
Spec t ra .  IRE I n t e r n a t i o n a l  Convention Record, p a r t  4 ,  
March 1960,  pp.  148-153. 
71. Tausworthe, R. C. :  Theory  and Pract ical   Design  of   Phase-  
Locked Receivers. JPL Technical  Report  32-819,  Feb.  15, 
1966.  
72. Tierney, J.: A Method of Digi ta l   Frequency  Synthesis .  
IEEE International Convention Record, March 1 9 7 0 ,  
pp.  174-175. 
73. TOU, J. T.: D i g i t a l  - and Sampled Data Cont ro l  Systems. 
M c G r a w - H i l l  Book C o . ,  I nc . ,  1959. 
74 .  Wallace, N.  D.: Performance  Prediction Method f o r  a Class 
of FM-CW Radars. IEEE Trans.on  Aerospace  and  Navigational 
Electronics, March 1 9 6 4 ,  pp. 36-44. 
75. Weinstein,  C . :  Quant iza t ion   Ef fec ts   in   Frequency   Sampl ing  
F i l t e r s .  NEREM Convention  Record,  1968,  pp. 222-223. 
78 
Appendix A 
Digital  Frequency  Tracker Program 
PAGE 1 
/ /  JOB T 
LOG DRIVE CART SPEC C A R T   A V A I L  PHY D R I V E  
0 000 0009 0009 0000 
V 2  M06 A C T U A L  8K CONFIG 8K 
/ /  FOR 
**SINGLE  CHANNEL  DOPPLER  FREQUENCY TRACKER SIMULATION 
*L IS1 SOURCE PROGRAM 
* I O C S ( C A R D s  1132 P R I N T E R ~ K E Y B O A R D I  
* I O C S ~ f Y P E W R I T E R l  
*EXTENDED  PRECISION 
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PAGE 2 SINGLE CHANNEL DOPPLER FREQUENCY  TRACKER SIMULATION 
77 .WRf..fEU*701 
t i  FOUMATt' *WN SWITCH 3 OFF AN0 PROCEED WITH INPUTS' )  
W R 1 ' 1 E t l r 1 l 2 )  
112  FORMAT(' SU?TCH 1 ON TO SHIFT AND SWITCH 2 ON TO DELETE  PRINT OUT' 
2 )  
Y R I t E ~ 1 ~ 2 0 1 )  
W R I T E ( l t 2 0 2 1  
WRiTE(tr12OJ 
201 FORMAT('  SWITCH 3 ON TO ENTER NEW DATA, SWITCH 4 3N FOR RAMP') 
202 FORMAT(' W I T C H  5 ON TO PAUSE POR SWITCH  SETTING') 
C RCONmSLOPE O f  RAMP DOPPLER SHIFT 
1 2 0  FORMAT ( '  INPUT RCON I N  F12.0  FORMAT') 
R E A D ( ~ o ~ ~ ) R C O N  
WRITE(  10'113) 
R E A O ( 6 r l l ) C I  
WRITE1101141 
R E A 0 4 6 r l l ) T C O N  
W R I T E ( 1 ~ 1 1 5 ~  
READ(bwl1)ALPHA 
W R I f E t l # l A 6 1  
C Ol=CAI# CONSTAH1 OF LOOP FILTER 
113  FORMAT( '  INPUT  C1 IN F12.O FORMAT') 
C TCON=fIME CONSTANT OF LOOP FILTER 
114 FORMAT('  INPUT TCON I N  Fl2.0  FORMAT') 
C ALPHA-NUMBER OF POINTS PER CYCLE AT CENTER FREQUENCY 
115  FORMAT('  INPUT ALPHA I N  F12.0  FORMAT') 
C SHIFTrFREQUENCY  SHIFT FOR DOPPLER STEP 
116  FORMAT('  INPUT  SHIFT I N  F12.0  FORMAT') 
R E A D 1 6 r l l ) S H I F T  
WRITEI lrll)) 
C OBR-Q OF NOTCH FILTER 
118  FORMAT('  INPUT 0 8 R  I N  F12.0 FORMAT') 
R E A O ( ~ O ~ ~ I O B R  
11 fORMAT4fl2rO) 
W R I T E ~ ~ O ~ ~ ~ ~ G ~ B ~ C O N B A L P H A O S H I F T O O B R , R C O N  
10F&2,505X,' ObR ~ ' ~ F ~ ~ O ~ ~ ? X O ' R C O N ~ ' B F ~ ~ ~ )  
111 FORMAT(' C ~ ~ ' O F ~ ~ O ~ O ~ X O ' T C O N ~ ' B F ~ ~ ~ ~ X , ' A L P H A I ~ , F ~ ~ ~ ~ ~ ~ X B ' S H I F T ~ '  
C ASS* CEMJtCk FREQUENCY OF LOOP IS F-1. 
C TIMEtT IME BASED ON PRECEbING ASSUMPTION 
C FREPFILTER  STIMATE OF DOPPLER SHIFT 
C O0PPH.-NORMALIZED PHASE OF INPUT-ACTUAL  PHASE/Z+PI 
C OOPLR-INPUT QOQPLER SIGNAL 
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PAGE 3 SINGLE CHANNEL DOPPLER FREQUENCY TRACKER SIMULATION 
C VCOPH-NORMALIZED  INTEGRATED  PHASE OF ESTIMATE 
C ERROR=OUTPUT OF PHASE OETECTOR 
C ERBRJ=ERROR SIGNAL AFTER  PASSING THROUGH  NOTCH FILTER 
C PHDIFF-NORMALIZED PHASE DIFFERENCE BETWEEN INPUT AND FEEDBACK 
W R I T E ( 3 r l O l  
10 F O R M A T ( '  TIME FREO DOPPH DOPLR 
1 VCOPH  VCOUT ERROR  ERBR J PHDIFF '  I 
P 1 = 3 0 1 4 1 5 9 3  
H ~ C ~ + ( ~ O + ~ O * A L P H A + T C O N ) / ~ ~ O ~ A L P H A I  
C=2o/( lo+2o*ALPHA*TCON) 
DELT-1 ./ALPHA 
B = C O S ( ~ O + P ~ / A L P H A ~ / S I N ( ~ O * P I / A L P H A )  
BNz=10+6**20 
B N l ~ 2 0 + ( 1 o ~ B * + 2 0 )  
BNZrBNZ 
BDZ-BNZ+B/OBR 
B D l = B N l  
BOZ=BNZ-B/OBR 
T - 0  
THETN=OO 
DOPPHmOoO 
VCOUT= 1 
2-0.0 
FREQ-0 0 0  
VCOPH=Oo 
ERRl=OoO 
ERRZ=OoO 
E R B l - 0  0 0  
ERB2-0 0 0  
F l - 0 0  
S H I F F * l r  
GO TO ( 8 2 r 2 J r M  
90 C A L L  DATSW(5rM) 
82 PAUSE 
2 C A L L  DATSW(3.L) 
GO TO ( 7 7 ~ 1 2 )  rL  
12  CALL  DATSW(1rJ)  
GO TO ( 4 r 5 ) r J  
4 C A L L  DATSW(4rN) 
GO TO ( 1 3 r 3 1 r N  
1 3   S H I F f = ( R C O N / 2 o ) + Z  
3 S H I F F ~ l r + S H I F T  
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5 ROPPH=DOPPH+SHfFF*DELT 
O O P ~ R ~ S I N ~ ~ O + P ~ + ~ D O P P H - I F I X ~ D O P P H ~ ~ ~  
ERR6R=Zo+DOPLR+VCOUT 
EN=BNZ+ERROR+BNl*ERRl+BN2*ERR2 
ED=BDl+ER61+802*ERB2 
ERBRJ=(EN-ED)/SDZ 
FREQ=H+(ERBRJ=ERBl+C*El?6l~+Fl  
CALL DATSW(2tKl 
TPQ=DOPfW-VCOPH 
GO TO (100t200)#K 
200 WRITE(3t61ZtFREQtDOPPHtDOPLRtV 
SINGLE CHANNEL DOPPLER FREQUENCY TRACKER SIMULATION 
ERRORtERBRJtTPQ COPH tVCOUT t 
6 FORMAT(  1H 8 ( F l l o 5   t 2 X I   e 4 X t F l l . 5  1 
100 ERHZ=ERRl 
hRR1-ERROR 
ERBZnERBl 
ERBlrERBRJ 
F l=FREQ 
fHEfN=TH€TN+FREQ*OELT 
VCOPH= T+THETN 
T=T+OELT 
GO TO (3001400l eJ 
300 t=t*DELT 
V C O U T ~ C O S ~ 2 o * P I * ~ V C O P H ~ I F I X ~ V C O P H l ~ ~  
400 CONTINUE 
GO TO 90 
END 
FEATURES SUPPORTED 
EXTENDED PRECISION 
I OCS 
CORE REQUIREMENTS FOR 
C O k N  0 VAR f ABLE5 1 3 2  PROGRAM 888 
END O f  COMPILATION 
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Appendix B 
F a s t  Fourier Transform Program w i t h  
In-Place Algorithm 
PACE 1 
/ /  JOB , 
LOG D R I $ €  CART SPEC CART AVAIL PHY D R I V E  
0 000 0003 0003 0000 
V2 MO7 ACTUAL BK CQNFIC 8K 
/ /  FUR 
+ONE WORD INTEGERS 
* L I S T  SOURC€-PROGRAM 
C THIS FUNCTION I S  USED TO FIND A BIT-REVERSED NUMBER 
FUNCT I'ON ~ N R E V  1 K BNLDC 
LlA-K/Z 
LL,=K-Z*LU 
fF (NLOG=1)61e6f r52  
L2pL  lA-2*L2A 
I F ( N L O G o 2 ) 6 2 r 6 2 r 3 3  
L3=L2A-2*L3A 
I F ( N L O G - 3 ) 6 3 * 6 3 * 5 4  
5 2  L2A=LlA/2  
53 L3A=LtA/2 
5 4  L 4 A m L B A I 2  
L 4 ~ i 3 & 1 2 * i 4 A  
I F ( N L O C - 4 ) 6 4 * 6 4 ~ 5 5  
LS-L4A-Z+L5A 
IF (NLOCL5)40*65*%6 
L6=L5A-2*L6A 
IF(NLOG16)66r66r5? 
L7=L6A-2*L7A 
I F ( N L O G - 7 ) 6 7 * 6 7 * 5 8  
L8=L7A-2+L8A 
IF (NLOG-8)66 ,68*59  
55  L5A=L4A/2 
56  L6A=L5A/2 
57 L7A-L6A;/2 
58   LBAIL7AI2  
5 9  L9A=L8A/2 
L9mL8A-2*L9.A 
1 F t NLOC-9 69 B 69 b60 
LlO=L9A=2+LlOA 
IF(NL0G-10170,70*99 
60  L lOA=L9A/2  
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99 PAUSE 
61 I N R E W L l  
GO TO 80 
62  I N R E V = Z * L l + L 2  
GO TO 80 
b3 INREV~4*Ll+Z*L2+L3 
GO TO 80 
64 I N R E V = 8 + L 1 + 4 * L Z + Z * L 3 + L 4  
GO TO 80 
65 INREV-l6*L1+8*L2+4*L3+2*L4+L5 
66 INREV=32*L1+16*LZ+8*L3+4*L4+2*L5+L6 
67 INREV=64+Ll+32+L2+16*L3+8*L4+4*L5+Z*L6+L7 
68  I N R E V = 1 2 8 * L l t 6 4 * L 2 + 3 2 * L 3 + 1 6 * L 4 + 8 * L 5 + 4 * L 6 + 2 + + L 7 + L 8  
69 INREV=256+Ll+128+L2+64*L3+32*L4+16*L5+8*L6+4*L7+2*L8+L9 
70 1NREV=512*L1+256*L2+l28*L3+64~L4+32*L5+l6~L6+8~L7+4~L8+2++L9+Llo 
80 RETURN 
END 
GO I U  ao 
GO TO 80 
GO TO EO 
GO TO 80 
GO TC 80 
F E A T U R E S   U P P O R T E D  
ONE WORD I N T E G E R S  
CORE  REQUIREMENTS FQd..INREV 
COMMON u VARIABLES 3 8  PROGRAM 708 
END OF COMPILATION 
/ /  DUP 
*STORE WS ‘JA INREV 
C A R T  ID 0003 08 ADOh 2E70 DB C N T  0029 
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P A G E  1 
/ /  JOB 
L O G   D R I V E  C A R T   S P E C  C A R T   A V A I L  PHY D R I V E  
0000 0003 0003 000i) 
V 2   M 0 7   A C T U A L  8K C O N F I G  8 K  
/ /  FOR 
* L I S T   S O U R C E   P R O G R A M  
+ O N E   W O R D   I N T E G E R S  
S U B R O U T I N E  DOP(f3W) 
C A L L   S C A L F ( a O 2 3 4 ~ 1 a ~ O . t O a )  
C A L L   F G R I D ( O t O a r 6 r 5 0 r 1 6 r e 1 6 )  
C A L L  F G R I D ( O , O a  9 7 r 7 5 r 1 6 a  r l b )  
C A L L   F G R I D ( 3 ~ 0 0 t 7 0 7 5 r a 2 5 r 5 )  
C A L L   F G R I D ( l r O e r 7 0 7 5 r a 2 5 r 5 )  
A = 3 2  a 
DO 200 I t l r 8  
I A = A  
W R I T E (  7 r 2 0 1 1  I A  
C A L L  F C H A R ( A - 8 a r 6 . 3 r a l r a l t O l )  
2 0 1  F O R M A T ( I 3 )  
200 C O N T I N U E  
A = A + 3 2  e 
C=-1.0 
B = 6  a 75 
DO 202 J=1,5 
W R I T E (   7 r 2 0 3 ) C  
C=C+.5 
202 B=B+a5  
C A L L  F C H A R ( 6 4 a r 9 0 7 5 r a Z r a 2 r O a )  
C A L L   F C H A R ( - 2 5 a r B r a l t r l r O a )  
2 0 3  FORMAT ( F 4 e  1 1 
W R I T E (  7 r 2 0 4 )  
204 F O R M A T ( ' D 0 P P L E R   R E T U R N ' )  
C A L L  F C H A R ( 1 2 8 a r 5 a 9 r a 2 r a 2 r O . )  
W R I T E ( 7 r 2 1 0 )  
210  F O R M A T ( ' T 1 M E   I N T E G E R ' )  
C A L L  F C H A R ( 9 4 0 , 9 0 2 5 ~ 0 1 5 , a 1 5 ~ O a O )  
W R I T E (  7 r 3 3 7 ) B W  
C A L L   F P L O f f 3 , 0 a O r 8 a 2 5 )  
3 3 7  F O R M A f ( ' ( B W = ' r F 7 r 2 r 2 X r 1 P E ~ C E N T ) ' )  
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P A G E  2 
R E T U R N  
END 
F E A T U R E S   U P P O R T E D  
ONE WORD I N T E G E R S  
CORE REQUIREMENTS F O R   D O P  
COMMON 0 V A R I A B L E S  
END OF C O M P I L A T I O N  
/ /  D U P  
*STORE WS U A  DOP 
C A R T  I D  0003 Ob ADOR 2E99 
/ /  FOR 
+ L I S T   S O U R C E   P R O G R A M  
*ONE WORD I N T E G E R S  
S U B R O U T I N E  POW 
1 2  PROGRAM 2 66 
OB CNT 0012 
C A L L   F P L O T ( + l ~ 0 0 0 ~ + 2 o 0 0 )  
C A L L  S C A L F ( 0 0 4 6 8 ~ 2 0 ~ 0 o ~ O o )  
C A L L   F G R I D t  1 t O e  9 0 0  t e 2 0 e 6  I 
C A L L   F G R I D ( O t O o t O e ~ 8 r t 1 6 )  
AA116r  
DO 2 0 5  I-l,S 
I AA=AA 
W R I T E ( 7 r 2 0 6 ) I A A  
C A L L  F C H A R ( A A ~ 4 r ~ - ~ l ~ o l ~ ~ l ~ O o )  
206 FORMAT ( I 3  1 
2 0 5  A A = A A + 1 6 c  
CCPO e 
D O   2 0 7  1 ~ 1 1 6  
C A L L  F C H A R ( ~ l O . . , C C r e l r o l , O e )  
D D * C C + o O l  
W R I f E ( 7 t 2 0 8 ) D D  
208 F O R M A T ( F 3 . 1 )  
207 CC=CC+e2  
C A L L   F C H A R ( 3 2 e , l 0 5 , 0 2 , e 2 r O ~ )  
WRITE(7r209) 
C A L L   F C H A R ( 5 6 o r ~ r ~ r e 2 r o 2 t O e )  
209 F O R M A T ( g P O W E R   S P E C T R U I U I ~ )  
86 
P A G E  3 
W R I T E (  79211 1 
2 1 1  F O R M A T ( ' F R E Q U E N C Y   I N T E G E R ' )  
R E T U R N  
END 
F E A T U R E S   S U P P O R T E D  
ONE WORD I N T E G E R S  
C O R E   R E Q U I R E M E N T S   F O R  POW 
COMMON 0 V A R I A B L E S  
END OF C O M P I L A T I O b i  
/ /  DUP 
*STORE WS UA POW 
C A R T  I D  0003 DB  ADDR 2 E A B  
1 2  PROGRAM 2 1 2  
D B   C h T  i ) O i ) F  
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P A G E  1 
/ /  JOB 
L O G   D R I V E  C A R T   S P E C  C A R T   A V A I L  PHY D R I V E  
0000 0003 0003 LioLjcl 
V 2   M 0 7   A C T U A L  8K C O N F I G  8 K  
/ /  FOR 
+ L I S T   S O U R C E   P R O G R A M  
*ONE WORD I N T E G E R S  
C G E N E R A T E S   D O P P L E R   S I G N A L  
S U B R O U T I N E   K A Y ( N P P C t N T O T * Q I  
R E A L  N 1 t N 2  r N 3  
COMMON X R ( 2 5 6 ) t X f ( 2 5 6 )  
N1=010 
N2mO.O 
N 3 t 0 . 0  
X R l = O o O  
X R 2 = O  0 0 
A A A = 3 1 1 4 1 5 9 / N P P C  
A = C O S ( A A A ) / S I N ( A A A )  
AZ=(A/Q)/(l.+(A/Q)+A++2) 
B l ~ ( 2 . - 2 r * A * + Z ) / ( l r + ( A / Q ) + A + + 2 )  
B Z ~ ~ l r - ( A / Q ~ + ~ * * 2 I / ( l ~ + A / ~ + A * ~ Z )  
1y=33 
M=O.O 
7 0 3  C A L L   G A U S S ( I Y ~ l r O * O a t V A L )  
N 3 = V A L  
N1=N2 
N 2 = N 3  
X R l = X R 2  
X R 2 = X R 3  
M=M+ 1 
I F ( M - 1 5 . * Q ) 7 0 3 ~ 7 0 3 t 7 0 4  
704  X R (  1 ) = X R 1  
X R ( Z ) = X R Z  
XI(Z)=O.O 
X I  (l)=O.O 
I X - 3 1  
D 0 7 0 5 N = 3 t N T O T  
C A L L  G A U S S (  I X t l . O + O . O s V A L )  
XR3=AZ+(N3-Nl)-Bl+XR2-B2*XRl 
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N 3 = V A L  
X R ( N ) = A Z * ( N 3 - N l ) - B L * X R ( N - 1 ) ” 2 )  
X I  ( N ) = O o O  
N l = N 2  
N2= lu3  
7 0 5  C O N T I N U E  
RETURN 
END 
, \  
FEATURES  UPPORTED 
ONE WORD I N T E G E R S  
CORF REQUIREMENTS FOR KAY 
COMMON 1024 VAR IABLES 40 PROGRAM 342 
ERD OF COMPILATION 
/ /  DUP 
*STORE WS UA K A Y  
CART I D  0003 DB  ADDR 2 E B A  DB CNT O G l B  
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P A G E  1 
/ /  JOB 
L O G   D R I V E  C A R T   S P E C  C A R T   A V A I L  PHY D R I V E  
0000 0003 0003 uooo 
V 2   M 0 7   A C T U A L  BK C O N F I G   8 K  
/ /  FOR 
+ I O C S ( 1 1 3 2   P R I N T E R s P L O T T E R )  
*ONE  WORD  INTEGERS 
* L I S T   S O U R C E   P R O G R A M  
D I M E N S I O N   W R ( 2 5 6 ) t W I ( 2 5 6 ) s S ( 2 5 6 )  
COMMON X R ( 2 5 6 ) t X I ( 2 5 6 )  
E Q U I V A L E N C E ( X I (  1) t S ( 1 )  1 
N L O G a 8  
N T O T = 2  5 6  
Q = 1 0 0 .  
N P P C = 4  
B W ~ ( l o / Q ) + l O O o  
C A L L   D O P ( E V J )  
W R I T E ( 3 s 7 5 l N P P C  
75  FORMAT ( ' N P P C = '  t 15 1 
W R I T E (  3 ~ 8 1 ;  
8 1  F O R M A T I  ' N ' + '  DOPPLER 1 
C A L L   K A Y ( N P P C t N T 0 T t Q )  
X M A X - X R ( 1 )  
D 0 3 0 4 N - 2 t N T O f  
I F ( X M A X - X R ( N ) ) 3 0 5 t 3 0 5 s 3 0 4  
3 0 5  X M A X = X R ( N )  
304 C O N T I N U E  
DO 11 N f l t N T O T  
X R I N ) = X R ( N ) / X M A X  
N Z =  ( N - 1 )  
W R I T E ( 3 t 7 2 1 N Z t X R ( N )  
72 F O R M A T  ( 1 5 s 5 X t F . 1 2 0 4 )  
A V Z = N Z  
A V A L = X R ( N ) + 7 # 7 5  
C A L L   F P L O T ( 2 t A V Z t A V A L )  
11 C O N T  I N U E  
C A L L  POW 
C A L L   F P L O T ( - Z r O e s O * )  
C I N - P L A C E   F F T   A L G O R I T H M   R E Q U I R I N G   B I T - R E V E R S A L  
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T W O P I = 6 0 2 8 3 1 8 5 3  
AA-NTOT 
AB-TWOPI/AA 
DO22 N = l  tNTOT 
ACtN-1  
AD=AB+AC 
w R ( N ) = C O S ( A D )  
2 2   W I ( N ) = - S I N ( A D )  
J=NTOT/Z 
DO 3 5  M - l r N L O G  
J A =  J 
IA=NLOG-M 
I D I V = 2 + + I A  
DO 3 4   N X l t N T O T  
I A R G = ( N - l ) / I D I V  
I = I N R E V ( I A R G r N L O C ) + l  
I F ( N - J A ) 3 1 r 3 1 ~ 3 2  
X R ( N ) ~ X R ( N ) + W R ( I ) * X R ( N J l ~ - W I ( I ~ * X I ~ N J l ~  
X I ~ N ~ = X I ~ N ~ + W R ~ I ~ + X I ~ N J 1 ) + W I o ~ + X R ( N J 1 ~  
GO T O  3 4  
XAN=XR ( N  1 
3 1   N J l = N + J  
32 NJZ=N-J  
X R ( N ) = X R ( N J 2 ) + Z o * ( W R ( I ) * X R ( ~ ) - ~ I ~ I ) * X I ( ~ )  1 
X I  ( N ) = X I  ( N J 2 ) + 2 . * ( W R (  I ) * X I  ( N ) + k I  ( 1  ) * X A N )  
I F ( N - J - J A ) 3 4 , 3 3 # 3 3  
33 J A = J A + 2 * J  
3 4  CONTINUE 
J = J / 2  
35 CONTINUE 
W R I T E ( 3 r 1 0 0 )  
100 FORMAT( '  N SPECTRUM' 1 
DO 40 N = l t N T O T  
X R L N ) = X R ( N ) + w 2 + X I ( N ) + + 2  
40 CONTINUE 
DO 7 3  N = l r N T O T  
NA=N-1 
N B ~ I N R E V ( N A r N L O G ) + l  
S ( N ) = X R ( N R )  
C END OF IN-PLACE  FFT  ALGORITHM 
NCB=N-1 
W R I T E ( 3 r l O l ) N C B r S ( N )  
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101 F O R M A T ( ~ X ~ I ~ , ~ X I F ~ ~ ~ ~ )  
73 CONTINUE 
NN=NTOT/2 
AMAX=S ( 1 I 
DO 1 5 5   N = 2 r N N  
I F ( A M A X ' S ( N ) ) 1 5 4 t 1 5 4 t 1 5 5  
1 5 4   A M A X = S ( N )  
155 CONTINUE 
W R I T E ( 3 9 1 5 6 ) A M A X  
DO 1 5 7   N = l t N N  
S ( N ) = S ( N ) / A ! 4 A X  
CUN=N- 1 
CALL  FPLOT( l ,CUN*Oo)  
CALL FPLOT(+Z#CUN,S(N) 1 
CALL  FPLOT(OtCLJN90.)  
1 5 6  F O R M A T ( ~ X , ' A M A X = ' D F ~ ~ ~ ~ ~  
157  CONTINUE 
TTT=OrO 
D 0 5 0 0 N - 1  * 128 
5 0 0   T T T =   S ( N ) + T T T  
D O 5 0 1 N = l t   1 2 8  
5 0 1   S ( N ) = S ( N ) / T T T  
XMEANIOrO 
D 0 5 0 2 N = 1 9   1 2 8  
V A R X - 0  00 
5 0 2  XMEAN=N+S(N)+XMEAN 
D 0 5 0 3 N o l t 1 2 8  
503 VARX=VARX+(  (N-XMEAN)*+2)* S ( N )  
V A R X = V A R X + + r  5 
XMEANmXMEANllr  
CALL ABLE (XMEAN 1 
W R I T E ( ~ ~ ~ O ~ ) N P P C B Q I X M E A N ~ V A R X  
C A L L   F P L O T ( 1 ~ 2 0 0 o , - l r O )  
5 0 4  F O R M A T ( 3 X ~ ' N P P C ~ ' , I 5 t l O X t ' Q ~ ' t F l 2 r 4 ~ l ~ X ~ ~ ~ ~ ' l E A ~ ~ = ~  r . l 2 . 4 r l U X , ' S l G ~ , k ' c  
1 F 1 2 r 4 1  
C A L L   E X I T  
END 
FEATURES  UPPORTED 
ONE NORD INTEGERS 
I ocs 
CORE REQUIREMENTS FOR 
COMMON 1024   VARIABLES 1380  PROGRAY 9 4 4  
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Appendix C 
Fast  Fourier Transform Algorithm with 
Natural  Input-Output  for  Data 
PAGE 001 
C NATURAL  INPUT-OUTPUT  FFT  ALGORITHM 
TWOPI '6a2831653  
AA*NTOT 
ARG=fWOPI/AA 
NLH=NTOT/2 
J = N L H  
D O 4 0  M = 1  tNLOG 
I A = O  
I B = J  
WR=COS(IA+ARG) 
W I = - S I N ( I A + A R G )  
DO22 N = 1  r N L H  
J I M = N + I A  
K I M = N + I B  
Y R ( N ) = X R ( J I M ) + W R + X R ( K I Y ) - W I * X I  ( K I V , )  
Y I  ( N ) = X I  ( J I M ) + W R + X I  ( K I ? l ) + W I * X R ( K I M )  
I F ( N - I B 1 2 2 r Z l r 2 1  
2 1  I A = I A + J  
I B = I B + J  
WR=COS(IA*ARG) 
WI=-SIN( I A * A R G )  
2 2  CONTINUE 
I A t N L H  
I B=NLH-J 
I t = O  
I D=NLH+J 
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wR=COS(IC*ARG) 
W I = = S I N ( I C + A R G )  
N L l = N L H + l  
D032N=NL1  tNTOT 
L I M = N - I A  
N IMXN- IB  
Y R I N ) = X R ( L I M ) - W R + X R ( N I ~ ) + W I ~ X I ( ~ I M l  
Y I ( N ) = X I ( L I M ) - W R + X I ~ N I ~ I ~ - ' d I ~ X R ~ N I M ~  
I F ( & - I D ) 3 2 t 3 1 r 3 1  
3 1  I A = I A - J  
XB=SB-J 
I C = I C + J  
I D = I D + J  
WR=COS(IC+ARG) 
W I = - S I N ( I C * A R G )  
0038N=l, fJTOT 
32  CONTINUE 
X R ( N ) = Y R ( h )  
3 8   X I ( N ) = Y I ( K )  
J = J / 2  
40 CONTINUE 
DO 73 N ' l t N L H  
S ( N ) = X R ( N ) + + 2 + X I ( N I + + 2  
73  CONTINUE 
C END OF NATURAL  INPUT-CUTPUT  FFT  ALGOKITHK 
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F i g .  1. S i m p l i f i e d  block diagrams of analog  phase- locked 
l o o p .  
95 
x w ,  d(n) - 3 i g i t a l  Notch "1 c n ! ~  D i g i t a l  x ( n )  ~ 
h 
Sampler M u l t i p l i e r  Loop F i l t e r  
b 
Yiilter 
c t 
Fig .  2 .  B l o c k  diagram of d i g i t a l   p h a s e - l o c k e d  loop. 
Zero- 
D e t e c t o r  
,-. 
x'tl c *Accumulator .- Cross ing  3 i g i t a l  d (n) b- Loop 
F i l t e r  
4 
L 
Zero D i g i t a l  
Cross ing  # g ,  vco 
' D e t e c t o r  - 
A 
Fig .  3 .  Dig i t a l   phase - locked  loop wi th   ze ro -c ross ing  
d e t e c t o r .  
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r .  1.  
Fig. 4 .  Illustration of properties of the  discrete 
Fourier  transform. 
97 
r - 
FFT 
f 
x ( t )  L 0 S t a t i s t i c a l  x@) Sampler x (n)  and Processor ?omputation r b 
Storage  
Fig.  5. Block diagram of open-loop FFT processor .  
1 r 1 
x(t) , 
r and t 
Sampler FFT t a t i s t i c a l  -E 
Storage 
1. 
4 . vco 1 7 
Fig. 6.  Block diagram of c lose- loop FFT processor .  
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DOPPLER RETURN 
tsw = o a C l 3 r 3  PERCENT 1 
t 
1.0 
0.5 
0.0 
-1.0 o s s ~ v v v v v v v v v v v v v v v v  
POWER SPECTRUM 
( MEAN= 16 * 00) 
Fig .  7.  S p e c t r a l   a n a l y s i s  
p e r  cycle. 
t 
Of 
64- 80 96 l 2 B  
‘REQUENCY INTEGER 
s i n u s o i d  w i t h  1 6  p o i n t s  
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DOPPLER  RETURN 
(BW= 0 a 00 PERCENT 1 
t 
TIME INTEGER 
POWER SPECTRUM 
MEAN= 32 00 1 
FREQUENCY INTEGER 
F i g .  8. S p e c t r a l   a n a l y s i s  of s i n u s o i d   w i t h  8 p o i n t s  
p e r  cycle. 
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DOPPLER RETURN 
(BW= o 0 00 PEQCENT J 
t 
TIME INTEGER 
POWER SPECTRUM 
(MEAN= 6 40 00 I 
A I 1 I 1 1 I L 
I 
4 80 96 L12 128 
I 1 1 I 1 I 
FREQUENCY INTEGER 
F i g .  9 .  S p e c t r a l   a n a l y s i s  of s i n u s o i d   w i t h  4 p o i n t s  
p e r  c y c l e .  
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DOPPLER RETURN 
(BW= 0 m 00 PERCENT 1 
t 
TIME INTEGER 
POWER SPECTRUM 
(MEAN= 13 a 1 9 1  
0.4 
3.2 
0.0 
FREQUENCY INTEGER 
F i g .  1 0 .  S p e c t r a l   a n a l y s i s  of s i n u s o i d   w i t h  2 0  p o i n t s  
p e r  c y c l e .  
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1.0 
0.s 
0.0 
-0.5 
-1 D O  
1.0 
0.8 
0.6 
0.4 
0-2 
0-0 
DOPPLER 
(BW= 
RETURN 
0 00 PtRCtNT I 
TIME INTEGER 
POWER SPECTRUM 
(MEAN= 25 - 76 1 
- 
” 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 : 1 1 1 1 1 1 1 1 I I 1 
16 32 40 64  eo 96 112 128 
FREQUENCY INTEGER 
F i g .  11. S p e c t r a l   a n a l y s i s  of s i n u s o i d   w i t h  1 0  p o i n t s  
p e r  c y c l e .  
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DOPPLER  RETURN 
(BW= 0 00 PERCENT 1 
t 
1 1 I 1 1 I 
I 1 1 I 
I I I 1 I I I 1 I I I 
I I 1 I I I I I 1 1 I I 
32 64 96 128 160 192 224 256 
TIME INTEGER 
POWER SPECTRUM 
(MEAN= 50.961 
16 32 6 4  80 96 112 
FREQUENCY  INTEGER 
F i g .  1 2 .  S p e c t r a l   a n a l y s i s  of 
p e r  c y c l e .  
s i n u s o i d  w i t h  5 p o i n t s  
1 04 
DOPPLER  RETURN 
(BW= 20 PERCENT) 
TIME  INTEGER 
POWER SPECTRUM 
(MEAN= 3 5 - 5 9  
& 
1-0 
" 0-8 
" 
" 0.2 
-- 0-4  
- -  0.6 
0.0 1 I .. II . 1. 1 I 1 1 
32 
1 
64 80 96 112 128 
I I I I 1 1 I 
FREQUENCY INTEGER 
Fig .  1 3 .   S p e c t r a l   a n a l y s i s  of D o p p l e r   r e t u r n   w i t h  
BW=20% and 8 p o i n t s  p e r  c y c l e  a t  band-center .  
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DOPPLER RETURN 
(BW= 10 PERCENT) 
I 
TIME INTEGER 
POWER SPECTRUM 
(MEAN= 35.52) 
1-0 T 
0.8 
0-6 
0.4 
0-2 
0.0 
F i g .  
FREQUENCY INTEGER 
14. S p e c t r a l   a n a l y s i s  of D o p p l e r   r e t u r n  w i t h  
BW=10% and 8 p o i n t s  p e r  c y c l e  a t  band-center .  
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TIME  INTEGER 
POWER SPECTRUM 
(MEAN= 3 5 . 2 9  
1.0 
0.8 
Om6 
0.4 
0.2 
0.0 
FREQUENCY INTEGER 
F i g .  15 .  S p e c t r a l   a n a l y s i s  of D o p p l e r   r e t u r n   w i t h  
BW=5% and 8 p o i n t s  p e r  c y c l e  a t  band.-center .  
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DOPPLER RETURN 
(EW= 2 PERCENT 1 
TIME INTEGER 
POWER SPECTRUM 
t 
lL4"-- 2 48 6  80 96 112 128
FREQUENCY INTEGER 
Fig. 1 6 .  S p e c t r a l   a n a l y s i s  of Doppler  
BW=2% and 8 p o i n t s  p e r  c y c l e  
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r e t u r n  w i t h  
a t  band-center .  
DOPPLER RETURN 
(BW= 1 PERCENT 1 
+ 
TIME  INTEGER 
POWER SPECTRUM 
(MEAN= 3 2 . 4 3  
1-0 
0.8 
0.6 
0.4 
0-2 
0-0 
FREQUENCY INTEGER 
F i g .  1 7 .  S p e c t r a l   a n a l y s i s  of D o p p l e r   r e t u r n  with 
BW=l% and 8 p o i n t s  p e r  c y c l e  a t  b a n d - c e n t e r .  
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-1.0 + 
DOPPLER  RETURN 
(BW= 20 PERCENT) 
TIME  INTEGER 
POWER SPECTRUM 
(MEAN= 64.18 ) 
t 
FREQUENCY INTEGER 
F i g .   1 8 .   S p e c t r a l   a n a l y s i s  of D o p p l e r   r e t u r n   w i t h  
BW=20% and 4 p o i n t s  p e r  c y c l e  a t  b a n d - c e n t e r .  
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DOPPLER  RETURN 
1.0 
0.5 
0.0 
-0.5 
-1.0 
(EW= 10 PERCENT 1 
TIME INTEGER 
POWER SPECTRUM 
(LEAN= 64.29) 
FREQUEF CY INTEGER 
F i g .  1 9 .  S p e c t r a l   a n a l y s i s  of D o p p l e r   r e t u r n , w i t h  
BW=10% and 4 p o i n t s  p e r  c y c l e  a t  band-cen te r .  
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DOPPLER  RETURN 
(BW= 5 PERCENT 1 
1 
TIME INTEGER 
POWER SPECTRUM 
Fig. 
FREQUENCY INTEGER 
2 0 .  S p e c t r a l   a n a l y s i s  of D o p p l e r   r e t u r n   w i t h  
BW=5% and 4 p o i n t s  p e r  c y c l e  a t  b a n d - c e n t e r .  
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0-0 
-0-5 
-1-0 + 
DOPPLER RETURN 
(BW= 2 PERCENT 1 
TIWE  INTECER 
POWER SPECTRUM 
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t 
1-0 .- 
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0-2 
._ 0 - 4  
.- 0-6 
._ 
I I I I I I . . I .  0-0 
" 
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FREQUENCY INTEGER 
F i g .  21 .  S p e c t r a l   a n a l y s i s  of D o p p l e r   r e t u r n   w i t h  
BW=2% and 4 p o i n t s  p e r  c y c l e  a t  band-center .  
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DOPPLER  RETURN 
(Bw= PERCENT 1 
t 
64  160 a24 
TIME INTEGER 
POWER  SPECTRUM 
FREQUENCY INTEGER 
F i g .  2 2 .  S p e c t r a l   a n a l y s i s  of D o p p l e r   r e t u r n  with 
BW=1% and 4 p o i n t s  per c y c l e  a t  b a n d - c e n t e r .  
114 NASA-Langley, 1971 - 7 CR-1776 
